
MATH 210: Finite and Discrete Mathematics. Midterm 1

Time allowed: 110 minutes. Please put your name on EVERY sheet of your manuscript. The
use of telephones and other electronic devices is prohibited. The use of very faint pencils is
prohibited too. You may take the question-sheet home.

Do not forget to justify your answers in terms which could be understood by people who know
the background theory but are unable to do the questions themselves.

All graphs are understood to be finite ordinary graphs.

LJB, 13 March 2015, Bilkent University.

1: 10% Let G be a graph such that every vertex has degree 4 and the number of edges is 12.
How many vertices does G have?

2: 10% Let G be a connected graph with at least 2 vertices. Show that there exists a vertex
x of G such that, when we delete x and all its edges, the resulting graph is connected.

3: 20% The cone of a graph G is defined to be the graph ∆(G) that is obtained from G by
adding a new vertex v and a new edge vx for each vertex x of G. Recall that the 3-cube is the
graph C3 with vertices 000, 001, 010, 011, 100, 101, 110, 111 where two vertices are adjacent
provided they differ by exactly one digit. Thus, C3 has 12 edges and its cone ∆(C3) has 9
vertices and 20 edges. Find an Euler circult for ∆(C3). (Specify the Euler circuit by listing
the vertices in order.)

4: 20% State, without proof, a theorem saying when a graph has an Euler circuit. Is the
following statement true? “Given any graph G, then the cone ∆(G) has an Euler circuit if and
only if every vertex of G has odd degree”. Give a proof of a counter-example.

5: 20% Let G be a connected planar graph with n vertices, e edges and f faces.

(a) State a formula relating n and e and f .

(b) One proof of the correct answer to part (a) begins as follows. “Suppose, for a contradiction,
that G is a counter-example with n as small as possible. Plainly, n ≥ 2. By Question 2, we
can choose a vertex x of G such that, letting G′ be the graph obtained by deleting x and all its
edges from G, then G′ is connected. Let n′, e′, f ′, respectively, be the number of vertices, edges
and faces of G′.” Complete this proof. (No marks will be awarded for presenting a different
proof.)

6: 20% Let G be a connected planar graph with 90 edges. Suppose that, for exactly 60 of
the edges, the face on one side has 3 edges and the face on the other side has 10 edges. Also
suppose that, for exactly 30 of the edges, the two faces on each side are distinct from each
other and both of those faces have 10 edges. How many vertices does G have?



Solutions to Midterm 1

Solution 1: Letting n be the number of vertices, then 4n = 2.12 = 24, hence n = 6.

Solution 2: Remove edges from circuits until a tree is obtained. Let x be a vertex which, in
the tree, has degree 1.

Solution 3: An Euler circuit is

v, 110, 111, 101, 100, 111, 010, 011, 001, 000, 010, v, 111, 011, v, 101, 001, v, 100, 000, v .

Comment: Specifying an Euler circuit suffices, because it is easy for the reader to check. To
find an Euler circuit, the most straightforward method is to adapt the proof of the existence
of Euler circuits. To find the above Euler circuit, I began with the obvious circuit

v, 110, 010, v, 111, 011, v, 101, 001, v, 100, 000, v

and then spliced in the circuits 110, 111, 101, 100, 110 and 010, 011, 001, 000, 010 of the two
components of the remaining graph.

Solution 4: A graph Γ has an Euler circuit if and only if Γ is connected and every vertex of
Γ has even degree.

The specified statement is true. If some vertex x of G has even degree, then x has odd
degree in ∆(G). Hence, by the theorem, ∆(G) has no Euler circuit.

Conversely suppose that every vertex of G is of odd degree. Plainly, ∆(G) is connected and
every vertex of G has even degree as a vertex of ∆(G). Finally, since the sum of the degrees of
the vertices of G is even, G has an even number of vertices. So the vertex v of ∆(G) has even
degree. Therefore, by the theorem, ∆(G) has an Euler circuit.

Solution 5: Part (a), n− e+ f = 2.
Part (b). We have n′ = n − 1 and e′ = e − d(x) and f ′ = f − d(x) + 1. Since n′ < n, the

minimality of G implies that n′ − e′ + f ′ = 2. But

n− e+ f = (n′ + 1) − (e′ + d(x)) + (f ′ + d(x) − 1) = n′ − e′ + f ′ = 2 .

This contradicts the assumption that G is a counter-example, as required.

Comment: If this were reformulated as a proof by induction, the ugly sting in the tail “this
contradicts the assumption that G is a counter-example” would not be necessary.

Solution 6: Let n, e, f be the number of vertices, edges and faces, respectively. We have
e = 90. Let f3 and f10 be the number of faces with 3 edges and 10 edges, respectively. There
are 60 = 3f3 pairs (ε, F ) where ε is an edge on a face F such that F has 3 edges. There are
60 + 2.30 = 10f10 pairs (ε, F ) where ε is an edge on a face F such that F has 10 edges. So
f3 = 20 and f10 = 12 and f = 20 + 12 = 32. Therefore, n = e− f + 2 = 90 − 32 + 2 = 60.


