
MATH 210, Finite and Discrete Mathematics

Homeworks and Quizzes, Spring 2015

Laurence Barker, Mathematics Department, Bilkent University,
version: 23 March 2015.

Office Hours: Wednesdays, 08:40 - 09:30, SAZ 129.

Office Hours would be a good time to ask me for help with the homeworks.

The course textbook is R. P. Grimaldi, “Discrete and Combinatorial Mathematics” 5th
edition (Pearson, 2004). Many of the questions are taken from there. The solutions are to be
discussed in class.

Quiz 1: Friday, 13th February. A graph has 32 vertices and every vertex has degree 4. How
many edges are there?

Solution: Let e be the number of edges. Then 2e is the sum of the degrees of the vertices,
which is 32.4. So e = 32.4/2 = 64.

Comment: Drawing an example and counting the edges does not suffice. You need to prove
the conclusion for all graphs satisfying the assumptions. One graph satisfying the conditions
is the 4× 4 toroidal lattice, but it is not enough just to count the edges in that case. Another
graph satisfying the conditions is the 4-dimensional cube.

Quiz 2: Wednesday 25th February. Let T be a tree with at least 3 vertices with degree 1.
Prove that T has a vertex with degree at least 3.

Solution: Let n and e be the number of vertices and edges, respectively. We can number the
vertices x1, ..., xn such that d(xn−2) = d(xn−1) = d(xn) = 1. Since e = n− 1, we have

2n− 2 = 2e = d(x1) + ...+ d(xn) = d(x1) + ...+ d(n− 3) + 3 .

Hence 2(n− 3) + 1 = d(x1) + ...+ d(xn−3). For 1 ≤ i ≤ n− 3, the average of the degrees d(xi)
is greater than 2. Therefore, at least one of those integers d(xi) is at least 3. ut

Homework 1 Set Friday 13th February, due Friday 27th February.

Question 1.1: (11.3.2 in Grimaldi.) Let G be a connected graph with 17 edges and d(x) ≥ 3
for all vertices x, what is the maximum possible number of vertices?

Question 1.2: (11.3.18 in Grimaldi.) Let k be a positive integer and let G be a graph such
that every vertex of G has degree at least k. Show that G has a path of length k.

Question 1.3: (Corrected version of 11.3.28 in Grimaldi.) Let G be a connected directed
multigraph. For a vertex x, we write id(x) to denote the number of edges into x (the “in-
degree”), and we write od(x) to denote the number of vertices out of x (the “out-degree”.)
Show that G has an Euler path if and only if one of the following two conditions holds:
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(a) id(z) = od(z) for all vertices z,
(b) id(z) = od(z) for all vertices z except for two vertices x and y such that id(x) + 1 = od(x)
and id(y) = od(y) + 1.

Question 1.4: (11.3.30 in Grimaldi.) Ali and Ece attended a party with three other married
couples. During the party, no one shook hands with their spouse nor with themselves. At the
end of the party, Ece asked each of the 7 others how many different people they shook hands
with. She received 7 different answers. With how many people did Ece shake hands? With
how many did Ali shake hands?

Solution 1.1: Let n be the number of vertices. Numbering the vertices x1, ..., xn, then

34 = 2.17 = 2e = d(x1) + ...d(xn) .

Each d(xi) ≥ 3, so 34 ≥ 3n. Therefore n ≤ 11. The maximum possible value of n is 11 because
the following graph satisfies the conditions and has 11 vertices.
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Comment: To see why the example is necessary, consider the following question: For a con-
nected graph with no Euler path, what is the minumim number of vertices of odd degree?
What is wrong with the following argument? Let r be the number of vertices with odd degree.
By the Euler Path Theorem, r 6= 0 and r 6= 2. Since the sum of the degrees of the vertices is
twice the number of edges, there does not exit a graph with r = 1. We have shown that r ≥ 3.
Therefore, the minimum possible value of r is 3. How would you prove that, actually, the
minimum possible value of r is 4? (Hopefully, you would dispose of the cases r = 0 and r = 2
using the Euler Path Theorem, you would dispose of the case where r is odd by considering
the sum of the degrees, and you would deduce that r ≥ 4. You would then show that the lower
bound r = 4 is attained by giving an example, for instance, the graph K4.)

Solution 1.2: Choose a vertex x0. Then choose a vertex x1 such that x0x1 is an edge.
Generally, having chosen vertices x0, ..., xi−1 for i ≤ k, the condition d(xi−1) ≥ k implies that
we can choose a vertex xi distinct from x0, ..., xi−1 and such that xi−1xi is an edge. Thus, we
construct a path x0, ..., xk with length k.

Solution 1.3: If G has an Euler circuit, then the number of times the circuit enters a given
vertex z equals the number of times the circuit exits z. Hence condition (a) holds. A similar
argument shows that, if G has an Euler path starting at a vertex x and finishing at a distinct
vertex y, then condition (b) holds.

Suppose that condition (a) holds. We shall prove, by induction on the number of edges,
that G has an Euler circuit. When G has 0 edges, the connectedness of G implies that G has
only one vertex. In this case, the existence of an Euler circuit (of length zero) is trivial. Now
suppose that G has at least one edge. Then the out-degree of each vertex must be 1. So,
choosing a vertex x0 arbitrarily, we can choose vertices x1, x2, ... such that there is an edge εi
from each xi−1 to xi. By the finiteness of G, we have xi = xj for some i < j. Then there is a
circuit C with edges εi+1, ..., εj .

Let H be the graph obtained from G by deleting the edges of C. By the inductive assump-
tion, every connected component of H has an Euler circuit. We can form an Euler circuit of G
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by travelling around C and, every time we encounter a new component of H, we travel around
an Euler circuit of that component before continuing with C. That completes the proof that
G has an Euler circult when condition (a) holds.

Finally, suppose that condition b holds. Introducing a new edge ε from y to x, we obtain a
graph F satisfying condition (a). By what we have already proved, F has an Euler circuit B.
Deleting ε from B, we obtain an Euler path from x to y in G.

Solution 1.4: Consider the graph whose vertices are the people and whose edges are the
handshakes. Arrange the vertices in a circle, with each person opposite his or her spouse.
When X denotes a person, X ′ denotes his or her spouse. The 7 vertices other than Ece must
have degrees 0, 1, 2, 3, 4, 5, 6. The degree of Ece must be the degree of someone else.

Let A be a person with degree 6. Since A greets everyone except for A′, the degree of A′

must be zero. Let B be a person with degree 5. By considering the depicted graph, and noting
that B must greet everyone except A′ and B′, we see that B′ has degree 1. Similarly, letting
C be a person with degree 4, then C ′ has degree 2. We obtain the depicted graph. Since the
degrees of A, B, C, A′, B′, C ′ are determined and since the remaining two vertices are spouses,
no more edges can be added. Since the degree of Ece is the degree of someone else, Ece and
Ali each greet 3 other people.
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Quiz 3: Wednesday 4th March. Let G be a connected planar graph with 12 vertices, every
vertex having degree 5. How many faces does G have?

Solution: The number of vertices is n = 12. The number of edges e satisfies 2e = 12.5 = 60, so
e = 30. The number of faces f satisfies n−e+f = 2. We have f = 2−n+e = 2−12+30 = 20.

Homework 2 Set Friday 27th February, due Friday 20th March.

Question 2.1: (11.4.2 in Grimaldi.) Show that, when any edge is removed from K5, the
resulting graph is planar. Is the same true for the graph K3,3?

Question 2.2: (11.4.10 in Grimaldi.) A set S is said to be the disjoint union of two sets
S1 and S2 provided S = S1 ∪ S2 and S1 ∩ S2 = ∅, in other words, every element of S1 is in S,
every element of S2 is in S and every element of S is in exactly one of S1 or S2. A graph G is
said to be bipartite provided the set of vertices V is the disjoint union of two sets V1 and V2
such that every edge has one end-point in V1 and one end-point in V2. Can a bipartite graph
have a cycle of odd length?

Question 2.3: (11.4.18 in Grimaldi.) Let G be a connected graph which can be drawn on
the plane with no intersecting edges and with 53 faces. Suppose that each face has at least 5
edges on its boundary. Show that the number of vertices of G is at least 82.
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Question 2.4: (11.4.20 in Grimaldi.) Let G be a planar graph with n edges, e edges and
k components. (a) State and prove an extension of Euler’s Characteristic Theorem for such
a graph. (b) Suppose that e ≥ 3. Let f be the number of faces. Prove that 3f ≤ 2e and
e ≤ 3n− 6.

Solution 2.1: Drawing a suitable planar representation of the graph reveals that it is planar.
The same holds for K3,3, for a similar reason. (The diagrams are omitted because they are
difficult to draw electronically.)

Solution 2.2: No. Let G, V1, V2 be as specified in the question. Let v0, ..., vn be a path in
G. For each 1 ≤ i ≤ n, we have vi−1 ∈ V1 if and only if vi ∈ V2. So, supposing n is odd, then
v0 ∈ V1 if and only if vn ∈ V2. Perforce, v0 6= vn.

Solution 2.3: The number of vertices n, the number of edges e and the number of faces f
satisfy n− e+ f = 2. Since f = 53, we have n = e− 51. But 2e ≥ 5f = 265, so e ≥ 133, hence
n ≥ 51.

Solution 2.4: Part (a). We have n − e + f = 1 + k. Indeed, numbering the components
from 1 to k, letting ni, ei, fi be the number of vertices, edges and internal faces of the i-th
component, we have ni− ei + fi = 1. The required equality follows because n = n1 + ...nk and
e = e1 + ...+ ek and f = f1 + ...+ fk + 1 (remembering to count the external face).

Part (b). Consider the pairs (F, ε) where F is a face, ε is an edge with F on one side of ε
and a different face on the other side of ε. Bearing in mind that e ≥ 3, we see that number of
such pairs is greater than or equal to 3f and is less than or equal to 2e. So 3f ≤ 2e. Hence,
using part (a) and the inequality k ≥ 1, we obtain n−e+2e/3 ≥ 2, in other words, e ≤ 3n−6.

Quiz 4: Friday 27 March. How many ways are there of putting 5 indistinguishable trolls
into 4 differently coloured bags?

Solution: By a standard formula, the answer is

(
5 + 4− 1

5

)
= 8.7.6/3.2.1 = 56.

Homework 3 Set Friday 27th March, due Friday 10th April.

Question 3.1: (1.3.28 in Grimaldi.) For any positive integer n, evaluate:

(a)
n∑

i=0

1

i!(n− i)!
, (b)

n∑
i=0

(−1)i

i!(n− i)!
.

Question 3.2: (4.1.18 in Grimaldi.) Consider the four equations

1 = 1 2 + 3 + 4 = 1 + 8 , 5 + 6 + 7 + 8 + 9 = 8 + 27

10 + 11 + 12 + 13 + 14 + 15 + 16 = 27 + 64 .

Conjecture a general formula suggested by these four equations and then prove your conjecture.

Question 3.3: (5.2.4 in Grimaldi.) If there are 2187 functions A → B and |B| = 3, what is
|A|?

Question 3.4: (10.2.4 in Grimaldi.) Find and solve a recurrence relation for the number of
ways of parking indistinguishable motorbikes and indistinguishable cars in a row of n spaces if
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each motorbike requires one space, each car requires two spaces, and all n of the spaces are to
be used.

Solution 3.1: Part (a). Multiplying by n!, we deduce that the sum is 2n/n!.
Part (b). Multiplying by n!, we deduce that the sum is 0.

Solution 3.2: We shall show that

(n+1)2∑
i=n2+1

i = n3 + (n+ 1)3 .

The asserted equality holds because

2n+1∑
i=1

(n2+i) = (2n+1)n2+
n∑

i=1

i = 2n3+n2+(2n+1)(n+1) = 2n3+3n2+3n+1 = n3+(n+1)3 .

Solution 3.3: Since 37 = 2187, we have |A| = 7.

Solution 3.4: Let xn be the number of arrangements with n slots. Consider the case where
there are n + 2 slots. If the first slot is taken by a motorbike, then there are xn+1 ways of
completing the arrangement. If the first and second slots are taken by a car, then there are xn
ways of completing the arrangement. Therefore xn+1 = xn+1 + xn.

The initial conditions are x0 = x1 = 1. So x0, x1, ... is the Fibonacci sequence with the
index shifted by 1, we mean to say, xn = Fn+1. There is a well-known formula for the Fibonacci
numbers but, instead of recalling it, let us recover a version of it by a direct argument. The
quadratic equation t2 − t − 1 = 0 has solutions t = φ and t = ψ where φ = (1 +

√
5)/2 and

ψ = (1−
√

5)/2. By the theory of second-degree recurrence relations,

xn = Aφn +Bψn

for some A and B. Putting n = 1 and n = 2, we obtain

1 = A+B = Aφ+Bψ .

Since φ = Aφ+Bφ, we have −ψ = φ− 1 = B(φ− ψ) = B
√

5. Hence B = −ψ/
√

5. Similarly,
A = φ/

√
5. Therefore

xn =
1√
5

(1 +
√

5

2

)n+1

−

(
1−
√

5

2

)n+1
 .

Quiz 5: Friday 3 April. Solve the recurrence relation xn+2 − 6xn+1 + 9xn = 0 with initial
conditions x0 = x1 = 1.

Solution: The quadratic equation t2 − 3t + 9 = 0 has unique solution t = 3. So there exist C
and D such that xn = (C + nD)3n. Putting n = 0, we deduce C = 1. Putting n = 1, we have
1 = 3(C +D), hence D = −2/3. Therefore xn = (1− 2n/3)3n.
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