Solutions of Homework 3

(Q_ q F—)-j)l Let f be a positive increasing continuous function on the mterval la, b where a < b are
positive real numbers, Show that

b 2 f®) B 9 2
T d azf Hz)dz = br{f(B)" — an{f(a))",
[ r@yaas [ onerian = be(s0)) - an(s(@)

where f~1 denotes the inverse of the invertible function f. (Hint: Let R; be the region bounded
by the curves z = e, z = b, y = 0, and y = f{z). Let Rz be the region bounded by the curves
y = f(a), y = f(b), z = 0, and y = f(z). Consider the volumes of the solids obtained by
rotating about the z-axis the regions R; and Ry.)

Solution: The volume of the solid obtained by rotating R, about the z-axis is equal by

the disc method to the integral
F f W(f(.’.'}) dm‘J 6—F+-5

'I‘he volume of the solid obtained by rotating Rs about the z-axis is equal by the shell
method to the integral

TN
Vo= [ omur iy
fla)

It is clear that

the volume of the eylinder the volume of the cylinder ? E
Vi+Va+ with the radivs f(e) = with the radius f(b) F

and the height o - and the height b

e —— Y

Therefore,
Vit Vot n(s (a))%:w(f(b))j

l showing the desired equality,

2, Show that for & > 0, .
( é Py f V14 dale2%dgs > \/Q-? + (1 - eo)2,
0

(Hint: Realize the integral in the left hand side of the inequality as the length of the arc of
a curve, and realize the right hand side of the inequality as the length of a line segment. Use
the fact that the smallest of the lengths of all the paths connecting two points is the length of
the line segment connecting these points.)

Solution: The length of the curve y = g(m), where g is a continuously differentiable func-
tion, from # = a to £ = b is defined to be the integral
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43
f V1 +4z2e- 2% da,
0
which must be greater than or equal to the length of the line segment connecting th@@
(0, £(0) and (e, f(a)) where f(z) = 2 ——

nally, f(0) = 1 and f(a)) = ¢ ~e® and the length of the line segment connecting t
poiuts (0, £(0)) and (, £(a)) is /o7 (1= =) Z b(6pB
— S I

(7_9' PB) 3. Let g(x) be a positive continuous function on [0,00). If for a.ng a > 0 the area of the

region bounded by the curves z =0, z=ga,y =90, and y = g(2) is %—, what is the area of the
surface generated by revolving the curve

i
yzf gt)dt, 1<z<?2
0
about the z-axis?

Salution: The area of the region bounded by the curves z =0, z = g, y =0, and y = g{z) is
equal to the integral

Therefore, for the given curve we have
E= Jy o0 - J @

The required surface area is given by the integral

-\,/_du— —¥?

NG,

(2 S-)QE) 4, Let f(x} be a positive continuously differentiable function on (1, co}. For any a > 1, let:

|17

A{a) = the area of the region bounded by the curves ¢ =1, z = a, y = 0, and y = f(x),
L{a) = the length of the curve y = f(z) fromz =1tox = g

S(a) = the area of the surface obtained by rotating about the z-axis the curve y = f(z)
fromz =1 toz=uqa

V(a) = the volume of the solid obtained by rotating about the z-axis the region bounded
by the cwives z =1, z = @, y = 0, and y = f(z).



Show that
d?v dL d?AdS

a’a2 ~ da? da’

Solution: We have that
A(a) j f@)de,) \ L(a) = / + (Flo)d
S(a) = f 2nf()y/1+ ff@ Vi) = [ x(f(@) ds.
Nov. the fundamental theorem of calculus implies that
E 6 ‘? =1 f Flo)da) = & fla) = /'(a),

w{dv_d (3 [+t es) = 5 (w(s@)7) = 2es@)7 @,

da2

%ﬁfgi(fl 2nf (@1 + (£(2))’d )=2wf(a) 1+ (f(a)*,

[a ([ i+ et = i+ ()

| The result follows!




