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IMPORTANT:

1) This exam consists of 5 questions of equal weights.

2) Please read the questions carefully and write your answers under the
corresponding question. Be neat.

3) Show all your work. Correct answers without sufficient explanation might not
get full credit.

4) Calculators and dictionaries are not allowed.

5) Close your cellular telephones.
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1) Determine whether each of the following series is convergent or divergent. State
clearly the name and the conditions of the test you are using.

d 2n* +3
2) Z (n+1D)(n-2)

n=3

2
Since limﬂ =2 # 0 then by the n-th term test the given series diverges.
o (n+1)(n—2)

= n’(n)!
b) nZ::‘ (2n)!

2 ] ' 2
Since  lim 22l = fi (1D (11! (22n). = lim(?+—1) =
nowoq n— (2]’[ + 2)' n (n)' n—>o Jpn (21/1 +1)
then by the Ratio Test the given series converges.




2) Determine whether each of the following series is convergent or divergent. State
clearly the name and the conditions of the test you are using.

2 (2n+3Y"
a)z(3n+2j

n=1

Since limz (in +;j = % <1 then by the Root Test the given series converges.
n—>0 n _l_

b) Z:sin2 (lj
n=l1 n
1% Solution:

)
limfn =1>0 (1e.itis #0 and # o) and ziz converges by the p-test,

n—>0
n=1

2
n

p=2>1, then the given series converges by the Limit Comparison Test.

2" Solution:

sin? [lj
n

then Z:sin2 [lj converges absolutely and ZSinz(lj converges.
n n

n=1

1 1
< Pl and Zn—2 converges by the p-test, p=2>1
n=1

Since

n=1



kS 2
3)a) Either evaluate the improper integral J. X +17x -8 5 dx or show that it is
5> (2x+3)(x-1)

divergent.
: . . w1 .
Since the improper integral J-— dx diverges by the p-test , p=1, and
X
2

x> +17x-8

2
lim (2x+3)(x =1 = % > (0 then by the Limit Comparison Test for Improper

x>0 1

X
Integrals the given integral diverges.

_ 2
b)Evaluate the limit linolcosx—“e by using series.
X—> X
2 4 6 2 4 2
_é (1_L+L_L+...)_(1_L+ X _(L)3l+)
. _Ccosx—e 21 4 ol 2 42y 27 3 1
£1—r>% x* - 4 =715

X 12



o 1\" _1\2n
4) Consider the power series ZM .
o (n+2)4"

Find the radius of convergence and interval of convergence of this power series.
Determine whether the power series is absolutely convergent, conditionally
convergent or divergent at the left end-point and at the right end-point of its
interval of convergence.

lirn| (x=1)>" (n+2)4"
2| (n+3)4"" (x—1)>

B (x—l)2
4

and the series absolutely converges if

<1:>|x—1|<2:>—1<x<3

(x-1)°
4

The series is absolutely convergent when x € (—1,3) and radius of convergence is
R=2.

End Points:

If x =3 then we get the alternating series Z =D . This series satisfies the
n=0 n+
conditions of A.S.T.

Du,= >0 when n2>0

n+2

! < ! =>u,, <u,.
(n+3) (n+2)

3) lim

nowe 4+ 2
Thus the series converges by A.S.T.

=0.

00

On the other hand |(_1) = Z ! is a divergent harmonic series. Thus the
,,:O‘n+2‘ o h+2

alternating series is conditionally convergent.

If x=-1 then we get the same alternating series as in the previous case.
Therefore 1=[-1,3] is the interval of convergence.



1
5)a) Find the sum of the series » ———— exactly.
)2) ; (n+1)5" Y

1% Solution:

IL = » x" where |x| < 1.Integrate both sides with respect to x:
- X ~0
1 0 o0 xn+1
—dx = x" dx where x| <1 = —In(l-x)+C = where |x| <1.
I-x I(Z; jd § (=0 ,,Z::;n+1) g

Putting x=0 we can find that C = 0.

n+l

> X
Thus —In(1-x) = where [x| < 1.
(=)= 2,y Where [
Dividing both sides by x,
—ln(l X) Z( where |x|<1and x#0.
Putle;
5
1
—In(1--) »
5 4 5
———=-5In(—)=5In(—) =
1 (5) (4) ,,Z:;‘( +1)5”
5

2" Solution:

. 1 .
You may also use the power series of . = Z(—l)” x" where |x| < 1. In this case
+Xx

you should put x = _?1 at the end.

0 o0 2
b) If Zan is convergent and a, > 0 for all n then show that Z L converges.

n=1 n=l1 n

If Z a, 1s a convergent then by the n-th Term Test lima, = 0.Using Limit Comparison

Nn€—0

Test we find that

2a,
3+a 2 . ) . .
~— =—>0.Since Zan is a convergent then the given series is also

lim
n—>0 an

convergent by the Limit Comparison Test.
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