Second Exam Solutions Bilkent University
Fall 2023 Phys 325

1.

() w1 (2) = aytio(z) = (/20 — iPfpo)uo(x) = (/50 — (1/p.)0/01] Acxp(—a?/22)
= [/ — (h/po)(—2x/7)] Aexp(—a?/x7) = (22/x0) uo(x)

(b) ¥(z,t) = [uo(x) exp(—itE,/h) + uq (z) exp(—it By /)]
3(0) = (A/m) Im [{*0¢/Ox],
We have u,(0) = A u1(0) =0 «,(0) =0 and u}(0) = u,(0)/z, = A/x,
so that the only finite term is j(0) = (h/m) Im [u}(0) exp(itE,/h)u}(0) exp(—it Ey /h)]
which yields j(0) = —|A|*h/(x,m) sin(w,t)

(c) g(k) = |A]? [ 2zexp(—x?/x?) exp(—ikz)dx/(x,v/27) Let us omplete the square of
the

exponential: exp(—z?/x2) exp(—ikx) = exp|—(z — 1kx?2/2)?/(x,)* — k*22%/2]
making a variable transformation v = z — ikz?/2 we get
g(k) = 2|A]? exp(—k?22/2) [(u + ikz?) exp(—u?/22)du/(x,/27)

First integral is zero due to symmetry, and the second term gives g(k) = 2| A|? exp(—k?z2/2)ik
2.

(a) a is unitless.

(b) Eigenvalues are \; = (1 + a)e and Ay = (1 — a)e.

(c) Eigenvectors are 1)) = % ( 1 ) and 1y = % ( _1 )

(d) Note that %(0) = ( ! ) _ (b1 + 62)/V2
so that ¢(t) = [¢h1 exp(—itA1/h) + Y2 exp(—itAa/h)]/v/2

3.
(a) AT = (XP+ PX)* = P*X* + X*P* = PX + XP = A

(b) [A, X] = [XP + PX, X] = X|P,X] + [P, X]X = —2ihX

(¢) [A, P] = [XP + PX,P| = [X, P]P + P[X, P| = 2ihP

(d) A= XP+PX = (2opo/4i)|(as +a)(a_ —a;)+(a_—a;)(as +a)]

= (xopo/4i)2[a® — a2 ] which leads to < n|Ajn >= 0.



