IMAGINARY QUADRATIC FIELDS WITH Cly(k) ~ (2,2,2)

E. BENJAMIN, F. LEMMERMEYER, AND C. SNYDER

ABSTRACT. We characterize those imaginary quadratic number fields, k, with
2-class group of type (2,2,2) and with the 2-rank of the class group of its
Hilbert 2-class field equal to 2. We then compute the length of the 2-class field
tower of k.

1. INTRODUCTION

Let K be an algebraic number field and Cl,(K) the Sylow p-subgroup of its
ideal class group, CI(K). Denote the orders of Cl(K) and Cl,(K) by h(K) and
h,(K), respectively. Let K' denote the Hilbert p-class field of K (always in the
wide sense). Finally, for nonnegative integers n, let K™ be defined inductively as
K=K, K"t = (K™)!, and K> = [J K™. Then the sequence

K°CK'Cc...CK"C..-C K™

is called the p-class field tower of K. In general, very little is known about this
tower; for instance, even its length has not been determined for most fields.

Now let k be an imaginary quadratic number field and p = 2. Then by the
work of Golod and Shafarevich [13], (also see [27]), the 2-class field tower of k
is infinite, if rank Cly(k) > 5. (Here rank means minimal number of generators.)
When rank Cly (k) = 2 or 3, there are examples of k with infinite 2-class field towers
as well as those for which the tower is finite. For rank Cla(k) = 4 no example of
such a k with finite 2-class field tower has ever been exhibited. In fact, it has been
conjectured [25] 26] that the 2-class field tower of an imaginary quadratic field with
rank Cly(k) = 4 is always infinite. On the other hand, until recently, all known
examples of number fields with finite 2-class field tower (even more generally for
p-class field towers) have length < 2. In [I0] M. Bush exhibited an example of an
imaginary quadratic field, namely k = Q(1/—445 ), for which the 2-class field tower
is of length 3.

We consider another approach to finding a field K with finite p-class field tower
of length > 3, and at the same time continue our quest for a complete classification
of complex quadratic number field with 2-class field towers of length 2 (see [3] [5]).
We consider those K with rank Cl,(K!) = 2. If rank Cl,(K) = 2, then by a group
theoretic result of Blackburn [8, Theorem 4], Cl,(K?) is trivial, whence the p-class
field tower of K has length 2. If, however, rank CL,(K) = 3, then by [8, Theorem
1], Cl,(K?) is either cyclic or trivial. In the nontrivial cyclic case, K would have
p-class field tower of length 3.

The last author would like to thank the Department of Mathematics of the University of Maine
for providing travel funds to the University of Cologne to work on the results in this and other
papers during his sabbatical leave.
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In this article we study the problem just mentioned when k is an imaginary
quadratic field and p = 2. We must have rank Cla(k) > 3; but if rank Cly(k) >
4, then it can be shown that rank Cly(k') > 5 (see for example the method of
Propositon 3 of [3]). Hence rank Cly(k) = 3 is our only viable option if we want to
show that the 2-class field tower has length 2. We assume that the rank is thus 3
and furthermore that Cly(k) is elementary in order to capitalize on genus theory.
We characterize those k for which rank Cly (k') = 2. We then show that the length
of their 2-class field towers is 2. This raises a natural question.

Do there exist number fields K for which rank Cl,(K') = 2, but for
which Cl,(K?) is not trivial?

To carry out this program, we first refer to [2] for a classification of those imag-
inary quadratic k with Cla(k) ~ (2,2,2). (Here, (2,2,2) denotes a group which is
a direct sum of 3 cyclic groups of order 2.) Next, we use Koch’s Theorem 1 of [I§]
to characterize those k (as above) for which Cly(k') has rank 2, respectively 3, as
a module over the integral group ring Z[Gal(k!/k)]. In the cases where the module
rank is 2, we sieve out further cases where rank Cly(k') > 3; and for the remaining
cases, we use group theory to show that rank Cly (k') = 2 and then to glean enough
information about the structure of Gal(k?/k) to determine the length of the 2-class
field tower of k. In many cases we give a presentation of Gal(k>/k).

2. THE MAIN RESULTS

The following theorem classifies certain complex quadratic number fields for
which the 2-class field tower terminates with the second step:

Theorem 1. Consider the complex quadratic number fields k with 2-class groups
of type (2,2,2) whose discriminants satisfy d = dydadszds, where di, do and ds
are negative prime discriminants. Let G denote the Galois group of k*/k, put

Gs = [G,G'], and assume that G/G3 has order 32.

(1) Among the unramified abelian extensions of degree 16 over k(+/dy ), there is
a unique extension K for which Cla(K) has mazimal rank; moreover, K/k
is normal and Gal(K/k) ~ G/G3.

(2) The following assertions are equivalent:

i) k2 # k3;

ii) rank Cly(k') = 3;

iii) G/Gs ~ 32.033;

iv) The discriminant disc k = dydadsdy is a product of four prime discrim-
inants dy,da,ds < 0, dy > 0 such that (d1/p2) = (d2/p3) = (d3/p1) =
(di/ps) = —1, (da/p2) = (ds/p3) = 1, where p; is the unique prime
dividing d;.

If k> = k2, on the other hand, then rank Cly(k') = 2.

These results will be verified by going through the possible groups G/G5. It
turns out that the degree of difficulty is measured by the quantity p defined as
follows: first recall that a factorization d - d’ of discriminants of quadratic fields is
called a Cy-factorization of dd’ if (d/p’) = (d'/p) = +1 for all primes p | p and
p' | d. Let {di1,ds,ds,ds} be the set of prime discriminants dividing d = disc k;
then p is defined as the number of (independent) Cy-factorizations constructed out
of these factors.
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Table [1] below reveals a close correlation between p, the 4-rank r4(k') of Cl(k!),
and the rank of the Schur multiplier of G/G3, as well as between the rank r5(k?!)
of Cly(k'), the maximum Ry of the 2-ranks of the class groups of the unrami-
fied quadratic extensions k; of k, and the length ¢ of the 2-class field tower of k.
These unexpected results suggest that there are some structural relations between
these invariants that are yet to be discovered. Calculations with pari suggest that
rq(kt) > 2 for G/G3 ~ 32.033; since we have given no proof thereof, we have put
the corresponding inequality in brackets.

p G/G3 ra(k') | Ro rq(k?) 1 M(G/Gs)

0 32.040, 32.041 2 |3 0 2 (2)

11 32.035,32.037,32.038 2 3 1 2 (2,2)

2 32.036 2 3 2 2 (2,2,2)

3 32.033 3 4 [[2<]r <3[3<l<x0| (2,2,2,2)
TABLE 1.

Table [2 contains information on the structure of the 2-class groups of the seven
unramified quadratic extensions k; of k = Q(v/d). The symbol (2,4)s means that
six of the seven class groups have type (2,4). An exponent * denotes a natural
number > 2 (for example, (2*7!,2%) denotes a group of type (2¢,2°) for a > 1
and b > 2); for more information on these groups, see the main text. The claim
Cla(k') ~ (2*71,2%,2%) for G = 32.033 is based on calculations with pari [I]; below
we only prove that Cly(k') has 2-rank equal to 3 in this case. Calculations with
pari also suggest that the 2-rank of the class group of the maximal real subfield of
k' is 1 or 0 according as G//Gj is isomorphic to 32.033 or not.

G Cly (k1) CL(KT)
32.041 (2,4)6, (4,4) (2,2)
32.040 (2,4)6, (4,4) (2,2)
32.038 (2,4)4, (2,2,2), (2,2,4),(2,2%) (2,2%)
32.037 (2,4)4, (2,2,2), (2,2,4),(2,2%) (2,2%)
32.035 (2,4)3,(2,2,2)2, (2, 2 4),(4,2%) (2,2%)
32.036 (2,4)2,(2,2,2)3, (2,2%), (2,2,2*) (2%,2%)
32.033 | (2,2, 2)s,(2,2,2,2), (2,2%), (2,2°), (2,2) | [(2~1, 2%, 2%)]

TABLE 2. Cly(k;), Cla(k')

We close this section with a table of G/G3 for the complex quadratic number
fields with 2-class group of type (2, 2,2) and discriminant > —5, 000; these examples
(and others) were used for checking our results by comparing the 2-class groups of
the unramified quadratic extensions with the abelianizations of subgroups of index
2 in G/G3. The calculations were done with pari [1], the displayed results for the
class groups of Cl(k') agree with the results of this article, and in fact follow from
our results with the exception of those pertaining to 32.033.
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disck || dy| do| ds|ds| G/Gs| ClUk) | ClED)
—420 |[ —4| —3| —7] 532040 | 22,2 | [2.2]
—660 || —4|—11] —3| 532038 [2,2,2] | [4,2]
—1092 || —4| —3| —7]1332.038 | [2.2,2] | [4,2]
1155 | —7| —=3| 11| 5/ 32.037 | [2.2,2] | [12,2]
~1380 || —4|-23| —3| 532035 [2,2,2] | [12,2]
1428 || —4| —=3| —7|17 32.037 | [2,2,2] | [20,2]
1540 || —4| —7|—11| 5 32.036 || [2,2,2] | [4,4]
—1995 || —7| —3|—-19| 5 32.036 || [2,2,2] | [8,8]
—2415 || =23 | —7| —3| 5| 32.041 | [10,2,2] | [30,2]
—2660 || —4|-19| —7| 5| 32.038 | [6,2,2] | [24,2]
—2820 || —4|—47| —3| 5| 32.035 | [6,2,2] | [60,6]
—2964 || —4| —3|—19 |13 | 32.038 | [6,2,2] | [12,6]
3003 || =11 | —7| —3|13 32.037 | [2,2,2] | [60,2]
—3135 | —3|—11|-19| 5 32.033 | [10,2,2] | [40,4, 2]
—3255 || —7| —3| 31| 5| 32.036 | [10,2,2] | [60,4]
—3444 || —4| —3| —7|4132.037| [6,2,2] | [168,2]
3540 || —4|-59| —3| 5| 32.038 | [6,2,2] | [24,6]
—3876 || —4| —3|—19 |17 | 32.033 | [6,2,2] | [12,4,2]
—3927 || —11 | —7| —3 |17 | 32.041 | [10,2,2] | [30,10]
—4004 || —4| —7|—11{13 | 32.035 || [10,2,2] | [20,10]
4692 || —4 | —23| —3 |17 32.036 | [6,2,2] | [84,12]
—4836 || —4| —3| —31 |13 | 32.038 | [10,2,2] | [60,2]

TABLE 3. G/Gj3 for d > —5,000

3. CLASS NUMBER FORMULAS AND UNIT INDICES

One of the major problems in applying class number formulas for multiquadratic
fields is the computation of unit indices in fields of large degree. For a number field
L, let Ey, denote its unit group and W7, its subgroup of roots of unity. For CM-fields
L with maximal real subfields K, the Hasse unit index Q(L) = (Er, : W Ek) can
often be computed easily (see [22]). On the other hand, if L/k is an elementary
abelian 2-extension, the index q(L/k) = (Ey, : []e;), where the product is over all
quadratic subextensions k; /k of L/k and where e; denotes the unit group of k;, is in
general much harder to compute. The following result is often helpful in reducing
the necessary amount of computation:

Proposition 1. Let L be the compositum of quadratic number fields, and assume
that L does mot contain a primitive eighth root of unity. If L is complex and if K
denotes its mazimal real subfield, then q(L/Q) = Q(L)q(K/Q).

Proof. We have q(L/Q) = (EL : [lei) = (EL : W Eg)(WLEk : []e;), because
the unit groups e; of real quadratic subfields are contained in Ex and because
Wi = [le;, where the product is over the complex quadratic subfields k; of L
(here we have used that L does not contain (g). Thus ¢(L/Q) = Q(L)(WLEk :
[Te:) = (WrExk : Wr]]e,), where the last product is over all real quadratic
subfields of L. Using the index formula (UG : UH) = (GNU : HNU)(G : H)
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for subgroups U, G, H of finite index in some abelian group and observing that
WrLNEg =WrNn[]e ={-1,+1} we get WrEk : Wi []er) = (Ex : [[er) =
q(K/Q). This proves our claim. O

This result will turn out to be useful in evaluating the class number formula for
composita L of quadratic number fields: if (L : Q) = 2™, then

(1) (L) =27"q(L/Q) [ ] 1
where the product is over the class numbers of all the quadratic fields in L and
where v is defined by

m(2m=1t —1) if L is real,
vo=
(m—1)(2m 2 —1)+2m"t —1 if L is complex.

See e.g. [19], [21], and [29]. The following table gives the values of v for the cases
occurring in this paper:

L\m\ 2 ‘ 3 ‘ 4
real 2 19 |28
complex | 1 | 5 | 16

Ambiguous Class Number Formula. We shall repeatedly make use of the am-
biguous class number formula; let us recall the relevant notions and results here.
For a cyclic extension K/F, Gal(K/F) = (o) acts on Cl(K) and thus defines the
subgroup Am(K/F) of CI(K) via the exact sequence

1 — Am(K/F) — CI(K) =3 CI(K)'~7 — 1

as the subgroup of invariant (ambiguous) ideal classes. The following formula for
# Am(K/F) is well known:

Proposition 2. Let K/F be a cyclic extension of prime degree p. Then

pt—l

(E:H)

where t is the number of (finite or infinite) primes of F which are ramified in K/F,
E = EFf is the unit group of F, and H = E N Ng,pK* is its subgroup of units
which are norms of elements of K.

# Am(K/F) = h(F)

For a proof, see [20].

We shall be interested in the case where p = 2 and h(F’) is odd. Let Amy denote
the Sylow 2-subgroup of Am. Then it is known that # Amo(K/F) = 2° where e
equals the 2-rank of Cl(K).

4. IMAGINARY QUADRATIC FIELDS WITH 2-CLASS GROUP (2,2,2)

In [2] a complete classification of imaginary quadratic number fields with Cla (k) ~
(2,2,2) is given. We now reduce the number of cases listed in [2] and represent each
case by a graph. Let dj = disck and assume Cly(k) ~ (2,2,2). By genus theory
dr = didadsdy where d; are prime discriminants. Since dy, < 0, either exactly 1 or
exactly 3 of the d; < 0. For each of these two possibilities, we consider whether or
not di = 4 mod 8. From this we classify dj as follows:

Type 1: dp Z4mod 8 and d; >0 (i =1,2,3), dy <O0;
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Type 2: dp Z4mod 8 and d; <0 (i =1,2,3), dy > 0;
Type 3: dp =4mod8and d; >0 (i=1,2,3), dy = —4;
Type 4: d, =4mod 8 and d; <0 (i=1,2), d3 >0, dy =—4.

In order to determine when Cly(k) is elementary, we use graphs on the primes
dividing disc k to do some convenient bookkeeping, cf. [7]. Let p; denote the prime
dividing d; for i = 1,2,3,4, i.e. d; = p} where p* = (=1)®P=1/2p if p is an odd prime
and 2* = 8,—4, or —8 . Then we draw an arrow from p; to p; iff (d;/p;) = —1,
where (./.) denotes the Kronecker symbol. If there is an arrow in both directions,
we simply draw a line segment between the two primes.

The table at the end of the article gives a list of the discriminants of all imaginary
quadratic fields with Cly(k) ~ (2,2,2). The number and letter in the first column
refer to the Type of di given above and the subcases which correspond (as closely
as possible) to the subcases in [2]. The second column gives the graph of the field.
The four points in each graph represent the primes pi, p2, p3, pa, ordered as in the
list of Types above, such that p; is the upper left point, ps upper right, ps lower
left, and p, lower right. For example, 1A refers to a discriminant of the form
dr = didadzdy 5_'5 4 mod 8 with d; > 0 for i = 1,2,3, and ds < 0, and such that
(dl/p4) = (d2/p4) = (d3/p4) = -1, and (dl/p]> =1 for i,j=1,2,3,1 7é J-

5. THE 2-CLASS GROUP OF k' AS A GALOIS MODULE

Let K be a number field and A the integral group ring Z[Gal(K'/K)]. Then
Clz(K1) has a natural structure as a A-module induced by the action of the Galois
group on the ideals of K.

Let G = Gal(K?/K); let G’ = Gy = [G,G] be the commutator subgroup of
G; let G” = (G')’; and finally let G, be defined inductively as Gp41 = [G, Gy).
Then by class field theory, we have Cly(K) ~ Gal(K!/K) ~ G/G’, Cly(K!) ~
Gal(K?/K') = G'. Moreover, the action of Gal(K'/K) on Cly(K!) corresponds,
via the Artin map, to group conjugation of G/G’ on G'. Now suppose G is a p-
group; then by the work of Furtwéngler [12] (along with Theorem 2.81 of [14]) it
is known that the A-rank of G’ is equal to the p-rank of G’'/G3. This fact will be
used in the proof of the following theorem.

Theorem 2. Let k be an imaginary quadratic number field such that Cly(k) ~
(2,2,2).
a) If disc k is divisible by three positive prime discriminants, then
Cla(k') has rank 3 as a A-module.
b) If disc k is divisible by one positive prime discriminant only, then
Cly(kY) has rank 2 as a A-module.

Proof. (Sketch) Let G = Gal(k?/k). Since the rank of G/Gs is 3, the Burn-
side Basis Theorem implies that G = (a1, as, as) for some a; in G. Let ¢;; =
la;, a;] = a;lajflaiaj. Then G’ = (c12, c13, ca3, Gs3), cf. [14]. Koch [I8] has given
a presentation of G/H, where H is the subgroup (G?G2)?[G,G*G3], in particu-
lar for imaginary quadratic fields. As the exponent of G/G’ is 2, G3 C G3 (for
[a,b]> = [a%,b] = 1 mod G3). Thus Koch’s presentation yields a presentation of
G /G5 which is given as follows (cf. [18] for details). For the prime discriminants
d; = p}, let dy = d'dY for v =0, 1. Define [d, p;] € {0,1} by the relation

(~D)lrd = (d' /py).



IMAGINARY QUADRATIC FIELDS WITH Cla (k) ~ (2,2,2) 7

(Notice that [d;,p;] = 0.) Then for k satisfying the assumption of the theorem,
G /G35 is presented as (s1, s2, s3) such that

261 2v21 2v3 __ 4V214V31
S2 = 113" 73

S1 83
2v19 202 2v30 _ 4194039
57 "85 783 0t =1y lyy

2v13 2v23 (203 __ 1V134V23
51 08y sy =15’ o3
2p1 2p2 203 1

81 "S2 753
Gs =1,
where v;; = [di,p;], 6; = [dk,pj], t; = [dj,pal], and t;; = [s;, s;] the commutator

of s; with s;. The third column in the table at the end of this article gives a
presentation of G/Gj3 in each case. The fourth column indicates a number which
represents the group numbered in Hall and Senior [I5] to which G/G3 is isomorphic.

The table thus shows that G’ /G35 has rank 3 for dj of Types 1 and 3, and rank
2 for Types 2 and 4. ([

By this theorem we see that if rank Cly(k!) = 2, then the discriminant dj, is of
Type 2 or 4. In the next section, we describe more fully the structure of some of
the groups G listed in the table for dj of these two types. Notice by the table that
in these two cases G/G3 = 32.033, —35, —36, —37, —38, —40, —41.

6. PROPERTIES OF GROUPS G ISOMORPHIC TO 32.033, 32.035, 32.036,
32.037, 32.038, 32.040, 32.041

We now consider a particular subclass of 2-groups G such that G/G’ ~ (2,2,2)
with G’/G3 of rank 2 (and hence G'/Gs ~ (2,2), since G,;/G ;41 is elementary).
G may be presented as G = (a1, as,a3) where G' = (c12, 13, G3) with co3 € Gs.
(Recall that ¢;; = [a;,q;]; and for that matter, let ¢;jr = [cij,ar] and ¢ =
[Cijrs ail.)

We collect some general facts about commutators. First notice that by the Witt
identity (see e.g. [9])

1= CijkClkijCjki (modG'/)
and so we have in particular
1 = c123¢312 (mod Gy),

since co31 = 1 (mod Gy4) as co3 € Gz and G” C G4. But from this and the
observation that exp(G;/Gjy1) = 2, we see

C123 = a1y = c132 (mod Gy).
Similarly, notice that ¢;;; = ¢;;; (mod Gua).
We now examine each of the seven groups listed above.
6.1. G/G3 ~ 32.041.

Proposition 3. Let G be a finite 2-group such that G/Gs is isomorphic to group
32.041 as listed in Hall and Senior [15]. Then G3 = (1) and so G itself is isomorphic
to group 32.041.

Proof. In addition to the relations given above, we have

2 _ 2 _ 2 _
ai =1, a3 = c12¢13, a3 = c12 (mod G3),
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(see [15]). But then,
1 = [a3, a2] = [c12¢13, as] = c122¢132,
1= [a§7a3] = [c12, 3] = c123,
1= [a%,aj] = c%jcljl,
ci33 = [c13,a3] = [a5a3,a3] = 53 = 1,
C121C131 = [a%,al] = 0%20122,
C121 = [a’gval] = 0%30131 (mod Gy).
This implies that
Cijk =1 (rnod G4)
By Theorem 2.81 of [14],

G3 = (€121, €131, C122, €132, C123, C133, G4) = Gu.

Thus G3 = (1), since G is nilpotent. This establishes the proposition. (I

Using the table at the end and the above proposition, we can characterize those
imaginary quadratic fields k for which Gal(k*°/k) is isomorphic to group 32.041.

Proposition 4. Let k be an imaginary quadratic number field with discriminant dy.
Then Gal(k™ /k) ~ 32.041 if and only if there is a factorization of dy, = didadsdy
into distinct prime discriminants d;, divisible by the unique primes p;, satisfying

(1) dx # 4 mod 8,

(2) d; <0, fori=1,2,3 and dy > 0,

(3) (di/ps) = —1 fori=1,2,3 and (d1/p2) = (da/p3) = (d3/p1) = —1.
The quadratic and quartic unramified extensions of k contained in kgen = k' have
2-class groups of type (2,4) except F = k(\/dy ), which has Cly(F) ~ (4,4); and
K = k(\/did2,/dids ), which has Cla(K) ~ (2,2,2).

6.2. G/G3 ~ 32.040.

Proposition 5. Let G be a finite 2-group such that G/Gs is isomorphic to group
32.040. Then G3 = (1).
Proof. G has the additional relations

a% = C12, a% = C12C13, ag = C13 (mod Gg)

Consequently,

C121€C131 = [a;al] = 8%26122,
c131 = [a3,a1] = ci5c133 (mod Gy).
All this yields,
cijk = 1 (mod Gy).
Hence G5 = (1). O
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We now characterize those imaginary quadratic fields k for which Gal(k>/k) is
isomorphic to group 32.040.

Proposition 6. Let k be an imaginary quadratic number field with discriminant
dy. Then Gal(k*/k) ~ 32.040 if and only if there is a factorization of dy, = —4qq’p,
with p,q,q distinct primes satisfying
(1) g=¢ =3mod 4 and p =1 mod 4,
(2) (a/p)=(d'/p) = -1, (d'/q) = +1, ¢ =3 mod 8, ¢ =7 mod 8, and
p =5 mod 8.

The quadratic and quartic unramified extensions of k contained in kgen = k' have
2-class groups of type (2,4) except F = k(\/dy), which has Cly(F) ~ (4,4).

6.3. G/G3 ~ 32.038.

Proposition 7. Let G be a finite 2-group such that G/Gs is isomorphic to group
32.038. Then G' ~(2,2™) for some m > 1.

Proof. The additional relations are

a? =a2 =1, a3 = ¢13 (mod G3),
whence
2 _ 2
1=[af,q;] = C1jC1415
1= [aﬁ,aj] = cgjczajs,
1 = [a3,a2] = c132,
ci33 = [a3,a3] = ¢34 = 1,
c131 = [a3,a1] = c2yc120 (mod Gy).
But then

— — — - 2 — — 2
C132 = C123 = €133 = €131 = €13 = 1, c122 = c121 = €75 (mod Gy),

which implies (as above) that Gz = (c2,, G4) and more generally

292

Gj=(ci2 »Gjt1):

But since G is nilpotent G; is trivial for j large enough. This implies that Gz =
(c2,). But then G'/G"” ~ (2,2™). By Theorem 1 of [§], we see that G” is trivial.
Thus the proposition follows. (Il

We now wish to compute G = Gal(k*>/k) for those k with G/G3 ~ 32.038. To
this end, we start with a lemma.

Lemma 1. Let G be a finite 2-group such that G/Gs ~ 32.038. Hence, we know
G = (a1, a2, a3) with

2
aj

ag =co3 =1, a% = ¢33 mod Gjs.
Let A = {ag,a3,G"), and B = {(as,a1a2,G"). Finally, suppose that kertg =
(@raz,a1as) or (az,aras), where ty represents the transfer map from G to a sub-
group H, and @ = aG’.

Then G ~ FS’S), for some integer n with n > 2, where

38 oA 42 2 _ on b o _ 2
IG® = (a1,a0,a3: at =as=a2=1, a>=¢2, |, a2 =ci3, co3 =a? ).
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Proof. First notice that if we replace as by asaz we may assume without loss of
generality that
kertp = (a1az,araz).
Next notice that
A" = G3, B' = (c13c23¢132, €123, €133, C121€122C1212, C131C132€C1312, B3).
We now list the values of the transfer maps ty, for H = A, B. First recall the if

(G : H) =2 so that G = HU Hz, then ty is the homomorphism from G/G’ into
H/H' determined by

tu(h) = hz " hzH' = h*[h, 2|H', tr(hz) = (hz)*H'
for any h € H.
i @ | @) |
1 alA' = G3 aiB’
2 a%cl_QlA’ = c12¢13G'3 a3B’
3| aicid A =c13Gs | a3cy' B

Notice that
kerta = (a7).
By our assumptions, tp(ay) # B’. We claim that this implies that af = 1 and
B’ NGz = (1). To see all this, notice by the table and assumption that a3 ¢ B’.
On the other hand, B’ = tg(1) = tg(a?) = aiB’. Thus af € B’ N G3. Since
G3 = (c¢3,), we see B’ N Gz = {(a}). We claimed af = 1. Suppose not. Then let
a2 = ¢34y for some k > 1 and z odd (recall that a? € Gs3). Hence, since G; = (2, )
for j > 2, a? € Gy2 \ Gias and thus a} € Giy3 \ Giya (since af # 1). Now notice
that
2 2" 2" 2 2 2" 2"
1=[a},a1] = [c1y", a1] = c1of,  clpcaz = [a1, a2] = [¢1y", as] = cTa3,
implying that ¢, = 0%2561_211 and
0t = ()" = el (i " = ch” € Ganys C G,

a contradiction. Therefore, ai = 1, as claimed, and so B’NG3 is trivial. Also notice
that since a? € G3 = (¢2,) and a2 £ 1, a2 = ¢Z, , where 2" is the order of ¢y5.

From the argument above we have c?o = co; and thus ci212 = [c]5, a2] = coy-
Moreover, since B’ NG5 = (1), we get

€123 = €133 = C121€122C1212 = C131€133C1312 = 1,

—2
and so ci22 = 5 -

Next, we have co33 = 1, for cag = 2% (since ca3 € G3) and thus ca33 = 3%, = 1,
since C123 = 1.

Notice a3 = 1, for B’ = tp(az?) = a3B’ and so a3 € B' NGz = (1).

Next we claim c130 = ¢, for since a3 = c13 mod G3 and Gz = (c2,), we
have a3 = c13¢5 and so 1 = [a3,as] = c132¢3%, = c132¢75". On the other hand,
1 = a3 = c25¢i%, and so cancellation yields claim.

This all implies B’ = (cf31023>1 and since (cj3 co3)? € B’ N G3 we have ¢} = c35.

Now we claim afa3 = ci3c33 and afa3 = co3; for B’ = tp(ajaz) = aja3B’

implying that a?a3 € B’ \ G3 = {ci3¢53 } which gives the first equality. For the
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second, B’ = tp(aiaz) = alaicyy B', whence afa?cy; € B’ N Gs, implying the
second part of the claim.
Summarizing, we have

2m 4 4 2 on—l 2 2 -1 2 2 4
Clp =a1 =a3 =1, ai =cjy , a3 = G7C13Co3 , G3 = A]C23, C13 = I.
There are two cases to consider:
Case 1 Suppose ¢33 = 1.1
Then c3; = 1. If co3 = ¢2; , then we obtain the desired presentation. If co3 = 1,
. w2, .
then replacing as by azc? ives the same presentation.
12
Case 2 Suppose ¢34 # 1.
Let co3 = c¥%. Then ¢}, = 3, = cj%. If we replace a3 by agciy’, then we are
reduced to Case 1.
This establishes the lemma. (Il

Proposition 8. Let k be an imaginary quadratic number field with discriminant
dy. Furthermore, let G = Gal(k*> /k). Then G/G3 ~ 32.038 if and only if there is
a factorization of d, = —4qq’'p, with p,q,q" distinct primes satisfying
(1) ¢g=¢ =3 mod 4 and p=1mod 4,
(2) (a/p) =+1, (¢'/p) =-1, (d'/q) = +1, ¢ = 3 mod 8, and
p =5 mod 8.

Moreover, G ~ I‘Slgg) where n > 2 is determined by 2™ = hao(—qp). In particular,
Cla(k') ~ (2,2m).

Proof. The first part of the proposition follows immediately from the table at the
end of this article. For proving 2" = ho(—gp), we compute a few class numbers and
capitulation kernels:

il ok k; | h(k;) | rank C; | Cla(k;) NC;
Likp) | ) |16 | 3 @29 ([2p]. [a])
2| k(@) | (hlpa) | 2072 | 2| (2.2n ) {[2], [a)
3 k(v=2) |(anlla)| 8 | 3 | 222 {Ip]. la)
AR [ b |8 |2 | @) | Qeal) | (D
51 k(/=p) | L) | 8 | 2 | @ | (e | (0], 2]
6 k(va) |l | 8 | 2 | @9 | {2k | (zal )
TIR/=T) | Ll | 8 | 2 | @4 | {lzpl2a)) | (2], [pa)

Here Ry is the capitulation kernel in kj/k, Cj = Clg(k’j), NC] = Nkj/kClg(kJ),
and 2" is the 2-class number of Q(v/—pg). The left column in NC; denotes the
case ¢ = 3 mod 8, the right one ¢’ =7 mod 8.

The group G/G3 ~ 32.038 has seven maximal subgroups; one of them is the
abelian subgroup (2,2,4) (thus G/G3 ~ Gal(K'/k) for K = k3), the other have
abelianizations (2,4) (there are five such groups) or (2,2,2).

Most of the computations involved in verifying this table are straightforward
and left to the reader. Let us check that rank Cla(ks) = 2. This is done via the
ambiguous class number formula. We distinguish two cases:
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a) ¢ = 3mod 8: then 2 is inert in F' = Q(v/—¢' ), hence t = 3, and —1 is a
quadratic residue modulo pOp and ¢Op. Thus E = H and rank Cla(ky) =
2.

b) ¢’ = 7mod 8 Here 20 = 2724, hence t = 4, and we want to show that
—1 is not a local norm at 2;. To this end observe that Q2(v/—¢" ) = Q2 and
Q2(y/P7) = Q2(v/—1); thus the completion of k4 at 21 is Q2(v/—1), and
—1 is not a norm in Qq(v/—1)/Qs. Therefore (E : H) = 2, and our claim
follows.

The other entries in our table are checked similarly, with the exception of the
claim that Cly(ko) ~ (2,2"*!) which requires more care. In fact, consider F =
Q(v/—pq) and let Cly(F) be generated by the class of the ideal a, say. Then
a2~ q, and since q does not capitulate in ko /F', we see that a still has order 2™
in Cla(ks2). Since ko/F' is ramified, class field theory guarantees the existence of an
ideal & in k2 such that Ny, 2l ~ a; letting o denote the nontrivial automorphism
of ko/F, this means that A7 ~ a in Cly(ks). On the other hand, since Cly(k)
has exponent 2, we deduce A7 = b with b2 ~ 1, where 7 is the nontrivial
automorphism of ko/k. Finally, 21777 ~ 1 since the class number of Q(/¢) is
odd. Multiplying these relations gives A2 ~ A ToAIH7YI+oT « qb, and since [ab]
has order 2", the ideal class of 2 must have order 271,

From the information on the capitulation kernels and orders of the 2-class groups,
we see that Gal(k?/k;) = A and Gal(k?/ks) = B with A and B as given in Lemma
Notice that [p] and [q] are then identified with @7 and @g, respectively, under

the standard identification of Clp(k) with G/G’. Consequently, G satisfies the

hypotheses of the lemma above and thus G ~ 1"5138).

Finally, we need to show that #G’ = 2hy(—gp). To this end, we know by
Proposition E that #G’ = 2"*! for some n. On the other hand, by the proof of
Lemma [I] (which shows that #B’ = 2) and the above argument

4ho(—qp) = ha(ke) = (B: B')=(B:G') (G’ : 1)/(B': 1) =4 x 2",

as desired.
This establishes the proposition. O

6.4. G/G3 ~ 32.037.

Proposition 9. Let G be a finite 2-group such that G/Gs is isomorphic to group
32.037. Then G' ~ (2,2™) for some m > 1.

Proof. The additional relations are

2 _ 21 2_
aj = c13,a5 = 1,a35 = ¢13 (mod Gis)

and so
1 =[a3,a1] = ciyci20,
1=[a2,a1] = [c13,a1] = c131,
1= [a?,,ag] = [c13, a3] = ci33,
132 = [a3,a2] = ¢33 = 1,
c132 = [a2, az] = c2yc191 (mod Gy).
Hence,

_ _ 9 _ _ _ _
€121 = Ci22 = Clg, €131 = Ci33 = €132 = Ci23 = 1 (mod Gy),
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whence G3 = (c?,,G4). The arguments as above then show that Gz = (c2,).
Therefore, G’ is abelian with G’ ~ (2,2™), as desired. O

Lemma 2. Let G be a finite 2-group such that G/Gs ~ 32.037; hence we have
G = (a1, a2, a3) with

a% = ag =13, ag = ¢93 = 1 mod Gs.

Let B = (ajas, as, c12, c13). Define

37) _ L4 4 42" 2 _ 2 _ 2 2 _ on7t
F;,E) = (a1,a9,a3 : a] = a3 = a5 = ¢y = 1, aj = c13, a3 = ¢1305°, a5 =} = C23),
where € =0, 1.

(1) Ifkertg = B/G’, then G ~ I‘Sig) for some n > 2.
(2) Ifkertp = (aiaz,aias), then G ~ FS?? for some n > 2.
Proof. First, recall that G5 = (c3,) = (c122) and that a3 € G3. Then in both cases
of the lemma, @z ¢ kertp and so the same argument as in the proof of Lemma
shows that ad =1, a2 = ¢, ', where 2" is the order of ¢;5, and that B'NG3 = (1).
Hence, B’ = (c13¢23¢132) and (c13¢e3¢132)? = 1 being in B’ N G3. For that matter
C123 = €133 = C121C122C1212 = C131C132C1312 = C233 = L.

By assumption, B’ = tg(a1az) = a3a3B’, which implies that a?a3 = ci3c23¢132,
being an element in B’ but not G3. Hence a} = 1.

If B' = tp(a3) = a?c3 B', then a3cy' = 1, being in B’ N G3. Hence a2 = c13
in this case. On the other hand, if B’ # tp(a3) = a3ciy B’, then aicjs € G3\ B,
whence aZcyy = ¢35 # 1. But since B’ = tg(a3), ajc;7 = 1, being in B’ N G3.
Thus a2 = ¢y3¢2,  in this case.

. . o o 2 _ —2

Next, notice that in both cases of the lemma ci139 = [0113,(12] = [a3, a2] = co5 -

Thus ¢i3¢23¢132 = 0%3027317 which in turn implies that (c13¢53 )2 =1 and so 0%3 = cgg.
Also notice that ¢35 = [a1, c13] = [a1,ad] = ci5c133 = c25.

Summarizing, we have so far:

2" 4 4 2 _ ot 2 _ 2 -1 2 _ 2 4 _
Cia =a; =ay =1, a3 =ciy , ai =ajc13cy3, a3 = ci3ay , Ci3 =1,

where e =0 if tg(az) = B’, and € = 1 if not.
Case 1. Suppose ¢33 = 1. If co3 ;702%;71, then we get the desired presentations.
If co3 = 1, then replacing a3 by agc% yields the same presentations.

Case 2. Suppose ¢35 # 1. If cog = 3%, then replacing a3 by ascyy” yields Case 1.
This establishes the lemma. O

Proposition 10. Let k be an imaginary quadratic number field with discriminant
dy.. Furthermore, let G = Gal(k*> /k). Then G/G3 ~ 32.037 if and only if there is
a factorization of dy = didadsdy into distinct prime discriminants satisfying
(1) d; <0, (i=1,2,3), and dy > 0,
(2) (d1/pa) = (d2/ps) = =1, (d2/p3) = (da/p3) = 1, (d3/p2) = (d2/p1) =
(di/ps) = —1
where p; is the unique prime dividing d;.
Moreover, G ~ I‘fﬁg) if di, = 4mod 8, and G ~ I‘fﬁ? if di, # 4 mod 8 where n is
determined by 2" = ho(dsdy).
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Proof. As usual the congruence conditions come from our table at the end of the
article. Now, let p; be the unique prime ideal of k dividing d;, for j = 1,2,3,4.
Consider the fields k4 and k5 in the table below. If we let G be presented as in
Proposition |§| and let A = (as,a3,G’) and B = (ajaz,a3,G’), then from this we
have that

Gal(k®/k1) = A, Gal(k™/ky) = B.

Assume first that dy = 4 mod 8. Then the congruence conditions imply that
d3 = —4, whence p1pops ~ 1, (where the equivalence is in k). But then sy, =
NCs, where NCj = Ny, /1(Cla(k;)), and so we have

kertp = B/G'.
Hence by Lemma [2| we see that
Gal(k>™/k) ~ FE%).

Now assume that d #Z 4 mod 8. At this point we need to determine kertg in
terms of a1, ag, as. Since A’ = G3 as is easily seen, we see that kert4 = (a@3) (see the
proof of Lemma . Hence a3 must correspond to [p4] under the Artin map. Thus
a3 & kertp. On the other hand, [ps] € k5 N NCj5, implying that ayas or arazaz in
kertp. If we replace a; by ajas, if necessary, we may assume ajaz € kertg. We
then have the following two possibilities: kertp = (ajaz,arag) or kertp = (ay, az).
We claim that the first must occur. For, a3 € kertp, for any maximal subgroup D
of G other than A and B (exercise to the reader). Since ([p3]) = k3 N kg, We see
that [ps] corresponds to @. Since [ps] ¢ ks, the claim follows. Thus by Lemma [2]
we have G ~ 1"53?.

The rest of the proposition follows as in the proof of Proposition [8] This estab-

lishes the proposition. O
]Cj Kj h(kij) rank Cj ClQ(kJ) NCJ'
k(v/dy) ([p1], [ps]) 8 2 (2,4) ([p2], [P3pal)
k(vda) ([p2], [p3]) 8 (2,4) ([p2], [p3])
k(V/ds) ([papa], [p3]) | 8 (2,2,2) | ([p2psl; [pa])

([pa]) 16
Vdidy) | ([pa], [p2]) | 272
Vdids) | ([p1], [ps]) 8
didy) | ([p2], [ps]) 8

(4,2,2) ([p1p2]; [ps])
(2,271 | ([p2], [pa])

(2,4) ([pa]; [ps])
(2,4) | ([p2ps], [pspal)

N O Ut R W NN =S
Pl
= mox o= oo o=
5
Ny
S~—
NDONNDW W N

In the table above, we have the relations

[p1p2ps] = [pa] if d#4modS8,
[pipo] = [pa] if d=4mod 8.
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6.5. G/Gg ~ 32.035.

For the moment we skip over group 32.036 and consider the simpler case 32.035.

Proposition 11. Let G be a finite 2-group such that G/Gs is isomorphic to group
32.035. Then G' ~ (2,2™) for some m > 1.

Proof. The additional relations are

2 _ 2 _ 2 _
aj = 13,05 = c12,a3 = ¢13 (mod G3)

and so
2 —
1 = [a7,a1] = e131,
2 _
= [a3, az] = [c12, az] = c122,
2 —
= [a3, as] = [e13, as] = ci33,
-2 .2 —
1 = ¢33 = [a3, as] = cio,
1=clico = [a2,a3] = ¢
= (230232 = [U2, @3] = €123,
2 _ 2 21— 1 _
Clg = ClaC122 = [a1, 03] = ¢i5) = 121,
2 _ 2 _ 21 — —
€13 = €13¢133 = [a1,a3] = c131 = 1 (mod Gy).
Hence,
— — — -2 _ — 2
Cl22 = C131 = C132 = C133 = €13 = 1, 121 = €75 (mod Gy),
whence G3 = (c3,,G4). The arguments as above then show that Gz = (c2,).
Therefore, G’ is abelian with G’ ~ (2,2™), as desired. O

Proposition 12. Let k be an imaginary quadratic number field with discriminant
dy. Furthermore, let G = Gal(k* /k). Then G/G3 ~ 32.035 if and only if there is
a factorization of dp = —4qq’'p with p, q, ¢ distinct primes satisfying

(1) ¢=¢ =3 mod 4, and p =1 mod 4,

(2) (g/p)=(d"/p)=(¢/q) =—-1,¢=3mod 8, ¢ =7 mod 8 and p =5 mod 8.

35 . . 35
Moreover, G ~ r§ ), where n s determined by 2™ = ho(dsdy) and ¢ =
.4 gntl 2 2 on—1
(a1,ag,a3: a] = a3  =a3=1, a® = ci3, a3 = ci2, a3 = C13C3y , Co3 = 1).

Proof. The first part of the proposition follows from the tables. For the structure
of the Galois group we refer to [24], Theorem 1. (A group theoretic argument may
be given as in the above cases.) O

6.6. G/G3 ~ 32.036.

Using group theory, it can be shown that if G is a finite 2-group such that
G/G3 ~ 32.036, then G’ has rank 2. It is, however, not possible to show that
G" =1 because there are finite 2-groups with G/G3 ~ 32.036 and G” # 1 such as
the following group G of order 2° for which G/Gj3 is 32.036 and for which G” is
nontrivial:

2 2 16 16
G =(a1,a2,a3: a7 = a3 = ¢j5 = ¢i3 = 1, a3 = 012013, [€ijs Chim] = 1).

Next we assumed that k is a complex quadratic field with Cly(k) = (2,2,2) and
G/G3 = 32.036 for G = Gal(k?/k); technical problems in an application of the
ambiguous class number formula prevented us from proving G” = 1 using only
number theory.

The account below combines parts of both approaches. We start with
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Proposition 13. Let G be a finite 2-group such that G/Gj is isomorphic to group
32.036. Then G’ has rank 2.

Proof. The additional relations are

a? =a3=1, a3 =cy3 (mod G3).
Thus,
1= [a%,aj] = c%jcljla
1= [a3,a5] = 03]02]‘2,
1 = [a3, as] = [c13,a3] = c133,
c132 = [a3,a0) = ¢33 =1 (mod Gy),
whence,

_ _ _ _ _ 2 _ 2
c123 =cC132 =c133 = 1, c122 =121 = Ci2, C131 = Ci3 (mod G4)~

Arguing as in the proof of Proposition [7] we see that

j—2 j—2
Gj = <C§2 70%3 )

and in particular that G’ = {12, ¢13). O

The following group theoretic lemma will be important below:

Lemma 3. Assume that G = 32.036 is presented as in the proof of Proposition[13
Let
A = (as,a3,G") and B = {(az,aia2,G").
Then
A'Gy = (ca3,¢35,Gy) and B'Gy = (ci3¢03, Gy).
Moreover AJA" contains a subgroup of type (4,2,2), and B has rank 2.

Furthermore, H = AN B has rank 2.
Finally, the abelianizations of the other five mazimal subgroups of G have order 8.

Proof. The first result of the lemma follows immediately by direct calculation. Next
notice A’ C G3; but A/G5 ~ (4,2,2) as can be seen from the presentation of
G/G3. Hence A/A’ contains a subgroup of type (4,2,2). Now let N be the Frattini
subgroup of B. Then N = B?B’ = B? (since B is a 2-group) and N is normal in
G. Notice

(c13¢23, 03, (a1a2)®) € NG5 C G
But then, since a3 = c13 (mod G3) and (a1az)? = afa3cia = c12 (mod G3),
NG3 = <012, 613> = G/.

Therefore by Theorem 2.49(ii) of [I4], N = G’. But B/G’ has rank 2, whence
so does B by the Burnside Basis Theorem, cf. [I4] again. Furthermore, H =
{asz, c12,c13). But notice that H? = (a3, G3) (recall that G3 = (c3,,c%;)). Hence
H/H? = (az,¢13), since a2 = c13 mod G3. Since H/H? has rank 2, so does H.
Finally, the last statement follows by direct calculation and is left as an exercise to
the reader. ]
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Now assume that k is a complex quadratic field with Cla(k) = (2,2,2) and
G/G3 = 32.036 for G = Gal(k?/k).

By our table at the end of this article, we see that the discriminant dj of k
is of type 2A,4C,4K, or 4L. For the rest of this section we reorder the prime
discriminants d; for i = 1,2, 3,4 according to the following table:

type di  do ds dy

2A as is
4C -p1 —p2 —4 p3
4K/L -4 —p1 —p2 p3

We have the following relations among the Kronecker symbols:
(di1/p2) = (d1/p3) = (da/p1) = (d2/pa) = —1,
(da/p3) = (da/p3) = (d2/p1) = 1,

where p; is the prime dividing the new d;.
The following proposition follows immediately from the tables at the end of the
article:

Proposition 14. Let k be an imaginary quadratic number field with discriminant
dy. Furthermore, let G = Gal(k*>/k). Then G/G3 ~ 32.036 if and only if there is
a factorization of dy = didadsdy into distinct prime discriminants satisfying

(1) d; <0, (1=1,2,3), and dy > 0,

(2) (di/p2) = (di/ps) = (da/p1) = (d2/ps) = —1,

(d2/p3) = (da/ps) = (d2/p1) =1,
where p; is the unique prime dividing d;.

Now we claim

Theorem 3. Put M = Q(v/did2,/ds,/da); then kgen = M(\/d1 ), and we have
ho(M) = 2m+n+1 "rank Cly(M) = 2, and ha(kgen) = 2™, In particular, we have
k2 = kP = M.

Remark. With some more effort, it can be proved that Cly(M) = (2™+1 27) and
Cla(kgen) = (2™,2"), where 2" = ho(dsdy) and 2™+ = ho(didads). This also
implies the claim made in Tables [1f and [2| that r4(k') > 2 in this case.

Proof. Since the class numbers of the quadratic subfields of kgen Will occur fre-

quently in our calculations, here’s a table for the fields whose class number is even:
disc K | didy | dody | dsds | didads | dydody | dydsds | dadsds | d
()| 2 | 2 [ [t | 2 | 2 [ 2 |8

Simple applications of class number formulas show that k(y/dy ) and k(y/dzdy ) are
the only two quadratic unramified extensions of k£ with 2-class numbers divisible by
16. Thus their compositum M corresponds to the Galois group A N B in Lemma
and we conclude that Clp(M) has rank 2.

Now let us compute the class number of M. We first determine the unit in-
dex ¢(M/Q), and to do so we have to show that ¢(M*/Q) = 2, where M =
Q(V/dyda,/dy ) is the maximal real subfield of M. Since M is an unramified qua-
dratic extension of the field F = Q(v/d1dady ) with 2-class number 2, M™T is the
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2-class field of F' and has odd class number (since Cly(F) is cyclic). On the other
hand, the class number formula says

ho(M*) = 272q(M™*/Q)ha(dyda)hao(da)ha(didads)
27%(M*/Q) - 2.
Thus q(M*/Q) = 2.
Now ¢(M/Q) = Q(M)q(M™/Q), hence we can apply the class number formula
to M/Q once we know Q(M). If d3 is odd, then M/M™ is essentially ramified,

hence Q(M) =1 by [22, p. 350, Thm. 1]. If d3 = —4, then we are in case (ii).1. of
[22, Thm. 1], so again Q(M) = 1, hence q(M/Q) = Q(M)q(M*/Q) = 2. Now

ha(M) = 275q(M/Q)ha(dsdy) ha(dydads) ha(dydads)ha (k) = 277

Now let us compute ho(K), where K = kgen. We first claim that K+ has odd
class number:

Lemma 4. Let k be an imaginary quadratic field and let G = Gal(k*/k). Sup-
pose furthermore that G/G35 is isomorphic to group 32.036. Then the mazimal real
subfield of k' has odd class number.

Proof. We assume dj, = didadsdys, where the d; are ordered as in the table given
above. Let p; be the primes dividing these new d;’s. Let K = k' = kgen =
Q(Vdy,\/ds,\/d3,\/dy) and KT = K NR = Q(\/dyda,/d1d3,/dy). We need to
show that ha(K*) = 1. To this end, consider the subfield L = Q(v/d1d3,/ds) of
KT. Since L is the Hilbert 2-class field of the field k¥ = Q(v/d1dsdy ) with 2-class
number 2, we deduce that h(L) is odd. Now we apply the ambiguous class number
formula to KT /L: since exactly the two prime ideals above py ramify, we have
t =2, hence # Am(K*+/L) =2/(E : H), and our claim will follow if we can exhibit
a unit in £ = E, that is not a norm from K. By Hasse’s norm theorem, a unit is
a norm from a quadratic extension if and only if it is a norm in all local extensions
K;g /Ly; since units are always norms in unramified extensions of local fields, we
only have to study the localizations at the primes above ps. The lemma below
shows that the fundamental unit £4 of Q(1/dy) is not a quadratic residue modulo
the primes above po, hence it is not a local norm at these primes by Hensel’s lemma,
and we are done. O

Lemma 5. Let K be a number field containing a real quadratic field k whose
fundamental unit € has negative norm. If p =3 mod 4 is a prime that is inert in k
and splits completely in K/k, then € is a quadratic nonresidue modulo the primes
above p.

Proof. Let p be a prime ideal above p in O; by assumption it has absolute norm
p2, hence [e/p] = @ ~1D/2 = (e2+1)(P=1)/2 mod p. Now P! = Nyjge = —1mod p
for elementary reasons, hence [¢/p] = (=1)P=1/2 = —1 mod p. O

The fact that 21 h(K ™) allows us to show that ¢(K*/Q) = 25. In fact, the class
number formula gives
ha(KT) = 2% (KT /Q) [ ] h»

with [[h, = ha(ds)ha(dida)ha(dids)he(dads)ha(didady)he(didsdy)ha(dadsdy). If
we plug in the class numbers from the table above we get ho(K+) = 27%¢(KT/Q).
Since ha(K™) =1, and the claim follows.
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Now we apply the class number formula to K/Q. We have Q(K) = 2 by [22,
p. 352, Example 4], hence ho(K) = 2716 . 27 [] h;, where the table above shows
[1hi = 2%ho(dsds)ha(didads), ie., ho(K) =2+l O

Let us consider the cases 4K/L (the cases 2A and 4C can be treated similarly),
that is we assume that d = —4pgq’ with p = 5 mod 8, ¢ = 7mod 8, (p/q) = —1,
(p/qd") =+1, (¢/¢') = —1. Put 2" = ha(—pq’) and 2™ = ha(—qq’).

J k; Kj h(k;) | rank C; | Cla(k;) NC;

1] k(y/p) ([aq]) |2m*2 3 (2,2,2™m) ([2a],[a'])

2| k(v=q) | ([al.[a']) | 8 3 (2,2,2) (2, [aD)

31 k(Vg) | (al[a]) | 8 3 (2,2,2) (la],[a'])

A k(V=1) | {2L[]) | 8 2 2,4) | (2, [aq']) | ([2q], [aa'])
51 k(v=d) | ([2al,[a']) | 8 3 (2,2,2) | ([2q],[aq']) | ([2],[aq'])
6| k(v=p) | (a.[a]) | 8 2 (2,4) | (2] [a]) | ([2][a])
7| k(va) ([2,[a]) | 2"*2 2 (2,27 | (l2] [a]) | (24, [a])

Again, the left column in NCj is for primes ¢’ = 3 mod 8, the right one for
¢’ = 7 mod 8.

6.7. G/G3 ~ 32.033.

If G = Gal(k?/k) with k imaginary quadratic and G/G3 isomorphic to group
32.033, then we shall see that rank Cly (k') > 3. It is not hard to find many examples
of k with infinite 2-class field tower, for example, anytime the 2-class number of

Q(v/didady) for dj, of type 2B and Q(v/—d1ds) for the other types is > 16; compare
with [28], Beispiel 4.

Proposition 15. Suppose k is an imaginary quadratic field and G = Gal(k?/k) is
such that G/G5 ~ 32.033. Then rank(G’) > 3.

Proof. This is an immediate consequence of the fact that the Schur multiplier of
group 32.033 is (2,2,2,2) and so in particular of rank 4. If K denotes the fixed
field of G'3 in k2, then

rank Gal(k?/k")

rank(G'/G") > rank(G3/G4)

rank Gal(Kcen/Kgen)

rank M(G/Gs) — rank Ey. /(B N Nk (K*)) > 3,
where Koen and Kgen are the central and genus class field extensions of K/k, re-

spectively, (which are in our case the fixed fields of G4 and G3 (Kgen = K)) and
M is the Schur multiplier, see e.g. [3] for more information. |

V

From the tables, we have

Proposition 16. Let k be an imaginary quadratic number field with discriminant
di.. Furthermore, let G = Gal(k*> /k). Then G/G3 ~ 32.033 if and only if there is
a factorization of d = dydadsdy into distinct prime discriminants satisfying
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(1) d; <0, (ZZ 1,2,3), and dg > 0,

(2) (di/p2) = (d2/ps) = (ds/p1) = (d1/ps) = =1, (da/p2) = (da/p3) =1,
where p; is the unique prime dividing d;.

Now consider the unramified quadratic extension K = k(v/dy) of k, where k
satisfies the conditions in Proposition [I6] The class number formula immediately
gives hp(K) = 16, and the ambiguous class number formula applied to K/Q(,/p)
tells us that Clp(K) has 2-rank 4. Thus Cly(K) ~ (2,2,2,2).

Now we make two claims:

(1) Cly(k') has rank 3;

(2) Cly(K?) has rank at least 4.
It is an immediate consequence of these assertions that we must have k? # k3: if
we had k2 = k3, then the ranks of the class groups of the intermediate fields of
k2 /k! could not increase.

Ad 1.: We have already shown that Cly(k') has rank at least 3; to show
that it is at most 3, we apply the ambiguous class number formula to k!/L,
where L = Q(v/di,v/d2,+/d3). Since L is a quadratic unramified extension of
F = Q(v/dy,/dad3 ), and since moreover ho(F) = 2 by the class number formula,
we deduce that L has odd class number. Since there are exactly 4 primes above py
in L, the ambiguous class number formula says that rank Cla(L) < 3 as desired.

Ad 2.: Let M = K! with K = k(v/dy). Then H = Gal(M/K) ~ (2,2,2,2) has
Schur multiplier of rank (3) = 6, thus rank Gal(Mcen/Mgen) > 6—rank Ex /E% > 4.

This also concludes our proof of Theorem [I]

Now consider the special case d = —4pqq’, where p = 1 mod 8, ¢ = 3 mod 4 and
¢’ = 3 mod 8 are primes such that (p/q) = -1, (p/q¢’) = +1 and (¢/¢’) = +1; we are
in case 4E if ¢ = 3 mod 8 and in case 4F if ¢ = 7 mod 8. Define integers [, m,n > 2
by 2! = ho(—pq'), 2™ = ha(4pq’) and 2" = hy(—4p), where ho(D) denotes the
2-class number of the quadratic field with discriminant D.

il K h(k;) | rank C; | Cla(k;) NC;

L k(\/P) 16 412222 ([2]; [pal)

2| k(v=d)| 8 3 (2,2,2) ([pl. [a)

3| k(VY) 8 3 (2,2,2) | (Ipl; [2a])  ([p], [2])
4| k(v-1) | 8 3 (2,2,2) | (lpl[2])  ([p], [2a])
5| k(yva) |22 2 (2,2 ([pal, [2p])

6| k(v=q) |2m+ 2| @2mth) | (ol [20]) (ol [2])
7| k(v=p) | 2" 2 (2,2""1) | (lal, [2])  ([al. [2p])

Since Gal(k}/k) is a group of order 32 with abelianization (2, 2, 2) and a subgroup
of type (2,2,2,2), we deduce that Gal(ki/k) ~ 32.033.

Let us show that Cla(ks) has rank 2. We apply the ambiguous class number
formula to k5/Q(v/qq"); there are exactly four ramified places, and —1 is not a
local norm at the infinite primes. Thus our claim is equivalent to showing that ¢4/
is a local norm everywhere. We first observe that geyq is a square, and (—p/q) = +1
guarantees that ¢ is a local norm everywhere except possibly at the prime 2: but
the product formula takes care of that.
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APPENDIX A

In this appendix we will indicate how one goes about constructing some of the
unramified extensions explicitly. Let us recall the following lemma taken from [23]:

Lemma 6. Let K/F be a quartic extension with Gal(K/F) ~ (2,2); let o,7 and
o7 denote its nontrivial automorphisms, and put M = K( /). Then M/F is

normal if and only if pu'=* 21 for all p € Gal(K/F). If this is the case, write

pt=7 =a2, ut=" = a2 and p'=°7 = a2 _. It is easy to see that ozlﬂ’ = =£1 for all

pE Gal(K/F) define S(u, K/F) = (« },*” altm altom) and zdentzfy vectors which

T

coincide upon permutation of their entries. Then

(2,2,2) <= S(u,K/F)=(+1,+1,+1),

~ (234) — (/J,,K/F):( ]-7 1+1)a
Cal(M/F) =4 1, — S(u, K/F) = (- 1,+ 1),
H — S(u,K/F)=(-1,-1,-1).

Moreover, M is cyclic over the fized field of (p) if and only if all)"”’ = —1, and has
type (2,2) otherwise.

In the following, we show how to find the 2-class fields for G = 32.041 if d = disc k
is odd.

Let the prime discriminants d; be as in Proposition 4 Then the following equa-
tions have integral solutions by Legendre’s theorem:

(2) diz? —dgy? = do7?,
(3) dox?® —dgy? = d3z°,
(4) dsx?® —dgy? = di2°.
The same is true for the following equations:

(5) t? — dydzu® = —dg?,
(6) t2 —dsdiu? = —dg?,
(7) t? —didou? = —dyv®.

Let (x1,y1,21) € Z X Z x Z be a solution of such that (z1,y1) = (z1,21) =
(y1,21) = 1; we will call such solutions primitive. It follows from Cassels [I1] that
there are primitive solutions such that 2 | y; and 2 f x12;. Similarly, we may
demand that, say, equation has a solution (¢1,u,v1) with ¢; even and u; odd.
Now put

ar = x\/di+yV/dy,
ay = ma\/da+120/dy,
Bz = t3+uz\/dids
and form the product p; = ajasB3. Then py = (Vdy +y1)(Vda+y2) (t3+v/didy ) =

(y1 + yo + Vdrds )(tg + d1d2) =1+ y1 + y2 + t3 mod 4. Replacing uy by —pq if
Y1 + y2 + t3 = 2 mod 4 we find that gy = 1 mod 4. Since (p;) is an ideal square,

K(\/p)/K is an unramified extension of K = Q(v/d1,/dz,+/ds,+/dy). The first

thing to do is check that this extension is quadratic, i.e. that p is not a square in
K. This is not obvious, as the following observation shows:
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Lemma 7. Put vy := +3108203 and choose the sign so that v is a square modulo 4.
Then v 2 dy in Ko = Q(v/d1,v/da, V3 ).

Proof. (Sketch) Put F = Q(v/d1da, v/d1d3,+/d2ds3 ). Using Lemma@, we easily show
that F'(,/7)/Q is elementary abelian. Since F'(,/v)/F is unramified outside d400,

this implies that ~y 2 dym for some discriminant m | dydads. The claim follows,
since m becomes a square in Kj. O

Thus our candidates for unramified quadratic extensions of K are p = ayas03
and v = asasf;. Note that pv 2 ayas103 2 ajaszfs in K. Our next job is to
compute the Galois group Gy = Gal(M/k), where M = K(\/i). Note that, by
symmetry, the Galois groups of K(/v)/k and K(\/pv)/k must be isomorphic to
G- Since these are subgroups of index 2 in the group I' = Gal(k?/k) of order 32,
and since we know that IV ~ (2,2) and I'/T” ~ (2,2,2), the group tables in [I5]
already imply that I" ~ 32.041 as soon as we know that M # K (note that this
shows that M # N = K(\/v), since M = N implies that uv is a square in K which
it isn’t). This will be done by computing some Galois groups.

In fact, we put K; = k(v/d;) and then show that Gal(M/K;) ~ Hg and
Gal(M/K;) ~ D,. Thus G is a group of order 16 with G, ~ Z/2Z, Gy /Gy ~
(2,2,2), and possessing subgroups of type Hg and D4. The only such group is
D, Y Cy. Here are the details:

e Gal(M/K;) ~ Hg. Define automorphisms o, 7 € Gal(K/K7) by
Vi | Vo | Vdy | Vdy
o || +Vdi | —Vdz | —Vd3 | +Vds
T V| —Vdy | +Vds | —Vdy
or || +Vdi | +Vdo | —Vd3 | —Vdy

Then we find a, = ag03/Vdzdsz3v3, o, = aif3/dadsz3v3, as well as

Qgr = arag//dad3z?23, hence alt7 = al*™ = o177 = —1, and our claim
follows.

e Gal(M/Ks) ~ D4. As above we start by defining some automorphisms of
Gal(K/K>):

o || =Vdi | +Vdy | —Vds | +Vdy
T =Vdi | +Vdz | +Vds | —Vds
or | +Vdy | +Vda | —Vds | —Vdy

Since o7 is the “same” automorphism as in the case discussed above, we get
altom = —1. Next, a, = a103/v/d2ds23v3, hence o}t = +1. Similarly,
ar = asf3/V/dsdyz3v3 and ol = +1.

Example: Take dy = —7, dy = —3, d3 = —23 and d4y = 5. Then Cl(k) ~
(2,2,2,5). Here a; = 2v5 + /=7, as = 2¢/5 + /=3, and B3 = 4 + v/21; then
p = —aiagfs is primary, and the field L, = Q(y/i) is also generated by a root of
the polynomial h(z) = 28 — 327 + 1425 — 382° + 852* — 13423 + 24422 — 120z + 240.
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The field discriminant is disc L,, = 3*5474232, and pari computes its class group as
Cl(L,) = Z/2Z.

APPENDIX B.

We take this opportunity to give a simple proof of a generalization of a result
due to the first author and Parry [0]:

Theorem 4. Let k be a complex quadratic number field with discriminant d, and
assume that d = didadsdy is the product of three positive (dq, da, ds) and one
negative (dy) prime discriminants. Then the 2-class number of the Hilbert 2-class
field k' of k is divisible by 2°.

Proof. Let L = Q(\/dy,\/dz2,/d3,/d,) denote the genus class field of k, and let
K = Q(v/d1,V/da,/d3) be its maximal real subfield. Since Q(L) = 1 by [22], we
have ¢(L/Q) = ¢(K/Q). The class number formula applied to L/Q and K/Q
gives

®) ha(L) = 27%9(L/Q) [T by ha(E) = 27°(K/Q) [T b

where the products are over all quadratic subfields k; and k, of L/Q and K/Q,
respectively, and where h; and h, denote the 2-class numbers of £; and k,. Thus
ho(L)/h2o(K) = 277"T], he, where the product is over all complex quadratic sub-
fields. Let 2™ be the 2-class number of k; the three fields whose discriminants are
products of three (resp. two) prime discriminants have class number divisible by 4
(resp. 2), hence 29 | T]_ h.. This implies that 2™+2 | ho(L).

Since k'/L is an unramified abelian extension of relative degree 2™~3, we have
23="hy (L) | ho(k'), and this finally proves that ho(k!) = 0 mod 2°. O
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dy, for which Cla(k) ~ (2,2,2)

H Case \ Graph \ Presentation of G/Gj3 \ Group Number ‘
1A z s?=st=s%=1 64.144
1B ><I s2=s2=1, si=tly 64.144
1C : S% = 1, S% = tlg, S% = t13 64.144
1D ; S% = 1, 8% = t12, Sg = t12t23 64.144
1E S s2=sk=11, s5=1 64.147
1F : S% = S% = tlg, Sg = tlgtlg, 64.147
1G R S% = 1, S% = t13t23, 83 = {12t23 64.147
5% = 5% =1, 5% =113,

2A m 32.036
t12t13t23 = 1
st =1, s3 =t1a, s} =ti3,

2B 32.033
t12t13t23 = 1
8% = S% = t12, 8% = t13,

2C 32.037
t12t13ta3 = 1

> 53 =t12, $3 = tog, 53 =t13,
2D | A 32.041
t12t13t23 = 1
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dy, for which Cla(k) ~ (2,2,2) (cont.)

H Case \ Graph \ Presentation of G/G3 \ Group Number ‘
3A 5 S% = t12t23, S% = tlgtlg, Sg =1 64.147
3B Y 8% = t12t13, S% = t12t23, S% = t13t23 64.145
3C Y S% = tlgtlg, S% = tlg, Sg = t12 64.146
3D s =ti3, 83 = tiat13, s3=1 64.144

~—p—o
3E ( s2 =1, 83 =t1a, 83 =t13 64.144
st =1, s3 = tistas, s3 = tos,
4A 32.037
< s = tog, 53 = t13, 83 = log,
4B A 32.040
> tiz =1
st =1, s3 = tistaz, s3 = t13,
4C 32.036
> s =t13, $3 = to3, 53 = t13,
4D A 32.035
> tig =1
s? =53 =1, 8% = ta3,
4E % 32.033
tio=1
s% = s% =1, s% = to3,
4F % 32.033
t1o = 1

25
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dy, for which Cly(k) ~ (2,2,2) (cont.)
H Case \ Graph \

Presentation of G/G3

‘ Group Number ‘

P 8% - t23a 5% = 1) S% - t237
4G 32.038
4 t1o = 1
4 S% = t23, S% = 1, S% = tgg,
4H A 32.038
g tiz=1
< s2 =53 =1, 83 =t3,
41 32.033
ti1g =1
1 51 =s3=1, 53 = t13,
4] 32.033
t1g =1
< 52 = ty3, s%zs%zl,
4K 32.036
> ty =1
¢ 82 =t13, 53 =83 =1,
41, A 32.036
> tiz =1
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