ELEMENTARY NUMBER THEORY

HOMEWORK 7

(1) Let
a=1+3-5+4-524...,
b=3+2-54+2-5+ ...
Compute approximations modulo 52 for a + b, a — b, ab and a/b.
we get

a4+b=445-54+6-52+...
=440-54+7-52+...
=44+0-54+2-524+...,
a—b=—-2+1-54+2-52+ ...
=34+0-54+2-52+...,
ab=3+11-5+20-5%4...
=3+1-5+22-5%+...
=34+1-54+2-52+...
For computing ¢ = a/b, we write
1+3-54+4-524+...=3+2-5+2-524+.. )co+c1-5+cy-52+...)
= 3co + (3c1 +2¢) - 5+ (3¢ + 2¢1 + 4cg) - 5%+ ...

Reducing this equation modulo 5 gives 3¢y = 1 mod 5, hence ¢y = 2. Re-
duction modulo 52 then shows that 1 +3-5=6 + (3¢1 +2-2)-5mod 52,
hence 16 = 26 + 15¢; mod 5%; this is equivalent to 3¢; = —2 mod 5, and
this gives ¢; = 1.

Finally, reduction modulo 52 now gives 1 +3-5+4-52 =6+ 7 -5+
(3ca + 2 + 8) - 52 mod 5%, which leads to 116 = 291 + 75¢; mod 5% and
0 =7+ 3cy mod 5. This gives co =1, hence a/b=2+1-5+1-52+....

(2) Show that V2 € Z;7.
(a) First solve 22 = 2 mod 17.
2 =19 =36 = 62 mod 17, hence z; = 6.
(b) Write z2 = x; + 17y and determine y mod 17 in such a way that
r3 =2 mod 172.
Let 29 = 6 + 17y; then 2 = 2% = 36 + 12y - 17 mod 17% shows that
172 | (34 + 12y - 17, i.e., that 17 | 2 + 12y. This gives y = —3 mod 17,
and we have xo =6+ 14 - 17.
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(¢) Prove by induction that you can solve 2 = 2 mod 17" for every k > 1.
Assume that z; = 64+14-17+. . .+y,_117% ! satisfies 27 = 2 mod 17%.
Then write x5, = =% + yx17%; using the fact that xi =2+ 17kq for
some integer a we find

2= a:iﬂ = xi + kayk17k =24+ 17Fa + kayk17k mod 17F+1.

Thus we have to pick y, in such a way that a + 2x,yr = 0 mod 17.
This can be done if and only if 2z, has an inverse modulo 17, that is,
if and only if 17 { xj, which is the case since zj = 6 mod 17.

(d) Prove that the sequence xy is a Cauchy sequence with respect to | - |17.
For m > n we have €, — Ty, = Yn - 17" + ... + Ym—1 - 17" L hence
|Zm — n|17 < 177™. Thus |2, — x,|17 can be made as small as we
wish by picking n large enough.

(e) Let x be the 17-adic number defined by the Cauchy sequence xj. Show

that 22 = 2.
Let x = limg 2, =6+4-17+... be the 17-adic integer defined by the
sequence of the ;. We know that = x;, mod 17* for all £ > 1, hence
2? = 22 = 2 mod 17*. This shows that 17% | (22 — 2) for all k > 1. If
22 — 2 #0, then 22 — 2 = 17™u for some integer m and some 17-adic
unit u; but then 17% | 17™4 is false for & > m, and this contradiction
proves that 22 — 2 = 0.

(3) Show that the equation x® = 2 has no solution in Zr.

Assume that © = a+7b+7%c+.... with0 < a,b,c,... < 7, satisfies > =
2. Since z = amod 7 we find 2 = 2° = ¢ mod 7. But ¢® = 0,+1 mod 7,
hence there is no such a (and therefore no such x).



