
ELEMENTARY NUMBER THEORY

HOMEWORK 7

(1) Let

a = 1 + 3 · 5 + 4 · 52 + . . . ,

b = 3 + 2 · 5 + 2 · 52 + . . .

Compute approximations modulo 52 for a + b, a− b, ab and a/b.

(2) Show that
√

2 ∈ Z17.
(a) First solve x2

1 ≡ 2 mod 17.
(b) Write x2 = x1 + 17y and determine y mod 17 in such a way that

x2
2 ≡ 2 mod 172.

(c) Prove by induction that you can solve x2
k ≡ 2 mod 17k for every k ≥ 1.

(d) Prove that the sequence xk is a Cauchy sequence with respect to | · |17.
(e) Let x be the 17-adic number defined by the Cauchy sequence xk. Show

that x2 = 2.

(3) Show that the equation x3 = 2 has no solution in Z7.
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