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Problem:

Find the minimal possible value of ab + bc + ac over all positive numbers a, b, ¢ satisfying

abc=1, a+b+c=>5 and

(ab+ 2a +2b —9)(bc + 2b+ 2¢c — 9)(ca + 2¢ + 2a — 9) > 0.

Solution: Answer: 5.

Note that

ab+2a+2b—9:%+2(5—0) —9:%—20—{—1 = %(204—1)(1—0).
The similar formulas are held for bc+2b+2c¢—9 and ca+2c+2a—9. Therefore, (abc = 1)
(ab+2a+2b—9)(bc+2b42¢—9)(ca+2c+2a—9) = (2a+1)(20+1)(2¢+1)(1—a)(1-b)(1—c) > 0.
Now since (2a + 1)(2b+ 1)(2¢+ 1) > 0, we get
(I—a)(1=b)(1—c)=—-abc—a—-b—c+ab+bc+bc+1>0.
Thus, ab + bc + ac > 5. The equality holds at (a,b,c) = (1,2 — V3,2 + v/3).



