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PrROBLEM OF THE MONTH

December 2015

Problem:

Let a > b > 0 be real numbers. Find the area of the region K € R? defined by
K={(r,y) €R*:2>y>0 and z"+y" <a"+b" for all positive integers n}.

Solution:

We will show that
(r,y) e K <= zo+y<a+b and z<a.

Firstly, consider a pair (z,y) € K. By taking n = 0, we get z +y < a + b. On the other
hand, by letting n — oo, we find that

x = max{z,y} nh_)rgo {/ g = nh—{go \/ 5 max{a,b} =a

Now, assume that z +y < a+ b and x < a for a pair (z,y). We need to prove that
2" +y" < a” +b" for all n € N. This inequality is equivalent to

n—1 n—1
Yt — b = (y _ b) (Z yibn—l—i> < (a . Qf) (Z xian—l—i> —a® — "
=0

=0

which is true since y —b<a—zxand 0 <y <z < a, 0 < b < a. Therefore, the set K can
also be given by

K:{(x,y)ERQ:azxzyEO and x4y <a+b}.



(0,0) (a,0) (a+0b,0)

Thus, the area of the region K is equal to

(a+b)?* 0  d®+2ab-V
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