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Problem:

Let k > 1 be an integer and p = 6k + 1 be a prime number. Prove that for each
m = 2p − 1

2m−1 − 1

127m

is an integer.

Solution:

Let us show that both m and 127 divide 2m−1 − 1. By Fermat’s little theorem
2p ≡ 2(modp) ⇒ m = 2p − 1 ≡ 1(modp) ⇒ p | m− 1. Therefore, 2p − 1 | 2m−1 − 1
⇒ m | 2m−1 − 1. On the other hand, 6 | p − 1 ⇒ 63 = 26 − 1 | 2p−1 − 1 ⇒ 7 |
2p− 2 ⇒ 7 | m− 1 ⇒ 127 = 27− 1 | 2m−1− 1. We complete the solution by showing
that m and 127 are relatively prime. Since 127 is prime, it is enough to show that
m is not divisible by 127. Let p = 7k + n(0 ≤ n < 7). k > 1 ⇒ p > 7 and p is not
divisible by 7 ⇒ n 6= 0. Now 127 = 27 − 1 | 27k − 1 ⇒ 127 | 27k+n − 2n = 2p − 2n. If
127 | m, then 127 | 2n − 1 which is impossible since 0 < 2n − 1 < 127. Done.


