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Problem:

The sequence {xn} is defined by x1 = a, x2 = b and xn = 2008xn−1 − xn−2 for all
n ≥ 2. Prove that there are positive integers a and b such that for all n ≥ 1

1 + 2006xnxn+1

is a perfect square.

Solution:

We prove prove that if a = 1 and b = 2008 then 1 + 2006xnxn+1 is a perfect square.
Let us prove that for all n ≥ 1

(1) x2
n + x2

n+1 − 1 = 2008xnxn+1.

Proof by induction:

1. n = 1 : 11 + 20082 − 1 = 2008 · 1 · 2008.

2. Suppose (1) is held for n = k : x2
k + x2

k+1 − 1 = 2008xkxk+1 = xk · 2008xk+1 =
xk · (xk + xk+2) = x2

k + xkxk+2.
Then x2

k+1−1 = xkxk+2 = (2008xk+1−xk+2)xk+2 = 2008xk+1xk+2−x2
k+2. Therefore,

x2
k+1 + x2

k+2 − 1 = 2008xk+1xk+2 and (1) is held for n = k + 1.



Now we get 1 + 2006xnxn+1 = 1 + 2008xnxn+1 − 2xnxn+1 = x2
n + x2

n+1 − 2xnxn+1 =
(xn+1 − xn)2. Done.


