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Problem: For all positive real numbers a, b, c satisfying a + b + c = 1, prove the
following inequality:

1

ab + 2c2 + 2c
+

1

bc + 2a2 + 2a
+

1

ca + 2b2 + 2b
≥ 1

ab + bc + ca

Solution:

Note that

(1)
1

ab + 2c2 + 2c
≥ ab

(ab + bc + ca)2

Indeed, since a2 + b2 ≥ 2ab and a + b + c = 1,

(ab + bc + ca)2 = a2b2 + b2c2 + c2a2 + 2a2bc + 2b2ca + 2c2ab = a2b2 + (a2 + b2)c2 +
2abc(a + b + c) ≥ a2b2 + 2abc2 + 2abc = ab(ab + 2c2 + 2c).

We obtain cyclicly two more inequalities from (1). The sum of these three inequal-
ities gives the required inequality.


