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Problem: For all positive a, b, c satisfying a + b + c = 1, prove the following in-
equality:

1

a(2− a) + bc
+

1

b(2− b) + ac
+

1

c(2− c) + ab
≥ 9

2

Solution: By Arithmetik - Harmonic mean inequality

1

a(2− a) + bc
+

1

b(2− b) + ac
+

1

c(2− c) + ab
≥ 9

2(a + b + c)− a2 − b2 − c2 + ab + bc + ac

The denominator of the right hand side

2(a + b + c)− a2 − b2 − c2 + ab + bc + ac = 2− (a2 + b2 + c2 − (ab + bc + ac))

= 2− 1
2
((a− b)2 + (b− c)2 + (a− c)2) ≤ 2.

Done. The equality holds iff a = b = c = 1
3
.


