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Problem:

Let x1,x9, x5 and x4 be real numbers satisfying the following equations:
T1+To+x3+24=0

and

2+l +at =1

Find the maximal possible value of the expression z3 + x3 + x3 + 3.

Solution:

The answer is \/Tg

By substituting x4 = — (21 + 9 +23) into 2% + 23+ 23+ 2% = 1 we get 23 + 23+ 22+
T\ Ty + Tax3 + 321 = 3. Since 117y + Tax3 + 321 < &7 + 23 + 23 ( Cauchy-Schwarz
inequality for vectors (zy, 2, 3) and (x2, 3, 71) ) we readily get #3 + 23 + 23 > 1.
Therefore, 73 =1 — (22 + 23+ 23) <1 — 21; = % or —\/75 <zy < ‘/7§ By symmetry,

(1) —— <; <

for each 7 =1, 2, 3, 4.



Denote 3 + z3 + a3 + 23 by A. Then

A= l’? + 133 + x% - (SL’1 + 2o + 1’3)3 = —3($1 + $2)<LE1 + Q?g)(l’g + 563).
Let us consider the signs of three expressions: (x1 + x3), (v + x3) and (2o + x3)(if
any one of them is equal to zero then A = 0) . If all three expressions are positive
or exactly one of them is positive, then A < 0.

If exactly two expressions are positive, say (x; + x2) < 0, (x2 + x3) > 0 and
(x1423) > 0then A = —=3(x1+22)(x1+23) (x2+23) = 3(—21 —22) (21 +23) (T +23) <

—T — 8 3
3( il ey :v13—|— st $3)3 = §x§ < \/?_ ( by AM-GM inequality and by (1)).
If all three expressions are negative, then A = —3(x14x2)(x1+23)(r2+23) = 3(—21—

—&L1 — X2 — L1 — XT3 — T2 — T3

3

—2(!171 —|— T2 + Ig)
3

)*=3( )’

xo)(—x1—23)(—x2—13) < 3(

8 3
= §xi < \/?_ ( by AM-GM inequality and by (1)).
Now we note that at z; = ‘/73,;52 =23 =14 = _73 A= \/Tg



