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� Envelope Function Approximation for 

Low-dimensional Structures

In This Lecture:

Low-dimensional Structures

� Block Diagonalization of  PB Hamiltonian

� QW Band Structure with Strain
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Low-Dimensional Structures

Quantum Well Superlattice Quantum Wire

Self-assembled quantum dots Nanocrystals
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Envelope Function Approximation (EFA)
(a.k.a. Effective Mass Theory)

What’s it for ?

� Treating an additional external (slowly-varying) potential
e.g., an impurity, quantum confinement (QW), excitonic potential etc.

Perfect bulk xtal

use k.p, LK etc.

use EFA

Ref: Chuang
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EFA for a Single Band
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Using the orthonormality property

The perturbed equation can easily be converted to:

Ref: Chuang
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periodic in r

over all RLVs

Fourier xform
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Inverse Fourier xform
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Approximations:

U(r) small; causes no band mixing

U(r) slowly varying

Ref: Chuang
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if we define (envelope function)

Convolution of U & F in k-space

inverse 
Fourier 
xform

Becomes multiplication in real space

if we define (envelope function)

The solution 
including U
becomes

final approx.

Ref: Chuang
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Recall that in the single-band k.p theory:

Hence, the envelope function is obtained by solving

So, EFA proceeds by replacing -  in the dispersion relationi→ ∇k
�

So within EFA, the Hamiltonian including U(r) is satisfied by

Ref: Chuang
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How about Degenerate Bands?

The procedure to obtain EFA is just like the single-band case.

The main discrepancy is the free-xtal Hamiltonian:

Ref: Chuang
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Our aim is to solve in the presence of perturbation U(r)

The envelope function now picks a band index:

where, again we replace -  in the (LK) dispersion relationi→ ∇k
�

Note that if ( ) 0,  the solutions for the envelope functions reduce to

( ) ( )  i.e., back to plane wavesi
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Ref: Chuang
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Quantum Wells

Confinement due to bandgap difference

Various band edge line-ups

Ref: Singh



C. Bulutay Lecture 6Topics on Semiconductor Physics

Consider a QW formed by two Type-I heterostructures (AlAs/GaAs/AlAs)

free particle

quantized

Ref: Singh
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QW: a sketch of  what to expect

subband formation

Ref: Singh
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Application of  EFA to QWs

Conduction Band: (single band EFA)

dispersion relation

The task for EFA is to incorporate the confinement potential

use corresponding well/barrier effective mass

The task for EFA is to incorporate the confinement potential

energy ref set to well region CB edge

Ref: Chuang
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Single band EFA reads

This ordering is to ensure 

the Hermiticity and the 

continuity of Jz across the 

heterojunction

(controversial, more later...)(controversial, more later...)

Since there is no confinement on the xy plane:

To solve, use finite difference, finite element or transfer matrix method …

Ref: Chuang
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Valence Band: (SO band will be neglected)

Confinement potential:

1st destination is band-edge energies:

Note that at kx=ky=0 LK Hamiltonian is diagonal, 

i.e., HH LH do not mix!

Define:

use 

well / 

barrier 

values

Ref: Chuang
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So for the valence band-edge energies solve:

 or hh lhm m

solution yields 

valence band-

EFA becomes dubious

variation of 

band-edge 

energies 

with well 

width

valence band-

edge energies

Ref: Chuang



C. Bulutay Lecture 6Topics on Semiconductor Physics

Now comes valence subband dispersion relations

SO bands are 

neglected

6x6

Envelope functions in vector form:

Ref: Chuang
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QW 

wavefunctions

Ref: Chuang
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Typical VB Dispersion with LK+EFA

Ref: Chuang
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A technical trick: Block Diagonalization of PB

Introduced by Broido-Sham (1985)

Start with the PB (including strain) Hamiltonian for HH-LH bands

Include Strain: Pikus-Bir Hamiltonian

Define the  phase angles as:

old bases

Ref: Chuang
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This 4x4 Hamiltonian can be transformed into two 2x2 blocks as:

where new bases

The transformation 
bet. old and new bases:

new bases

where

Ref: Chuang
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Effect of Strain on the Band Structure

Bandgap of 
the alloy 

w/o strain

Band edges move 
up/down due to 
tensile/comp. 
strain

Ref: Chuang

HH-LH 
degeneracy at 

k=0 is lifted 
due to strain

Additional 
warping due 

to strain
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QW Bandstructure: Now with the strain included

energy 

reference

�Assume the barrier regions to be under no strain 

(same/lattice-matched substrate)

�Set the energy reference to band edge of unstrained crystal

Ref: Chuang
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Subband Energies in a Strained QW

Conduction Subbands

Conduction

band edge (k=0)

where

barrier/well region lattice constants

Conduction subbands can be obtained using single-band EFA

What we need are the 

dispersion relation and 

the confinement potential

Ref: Chuang
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Valence Subband Energies (w/o SO bands)

� Without SO bands, HH and LH bands are uncoupled at k=0

� So the subband energies are determined as in single-band EFA

confinement 

where

confinement 

potentials

Ref: Chuang
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Valence Subband Dispersions in a Strained QW (w/o SO bands)

Use the 4x4 upper block of the (bulk) LK matrix with zk i
z

∂
→ −

∂

envelope 

functions
dispersion 

relation

use the 
unstrained
band edge 

confinement

All strain-related 
band edge shifts 

are here

Ref: Chuang
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Results for Valence Subband Dispersion w/o SO

Observe nonparabolicity due to band mixing !

No strain

Observe nonparabolicity due to band mixing !

Ref: Chuang, PRB 1991

Cray X-MP 

acknowledged!
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Valence Band Energies (with SO bands)

Recall the 6x6 LK Hamiltonian at the band edge (k=0): 

HH

HH

LH

LH

SO

SO

LH and SO bands are coupled even at k=0 due to strain
So they are not pure states (even at k=0); for the subband energies solve:

Ref: Chuang
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Effect of SO bands on bulk band energies

Solution for band edge energies yields

Ref: Chuang, PRB 1992
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Effect of including SO bands on valence subband energies

Ref: Chuang, PRB 1992
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� Unphysical solutions: particularly appearing within 

the gap making the systems seemingly metallic.

� Dependence on operator orderings: particularly in 

Caveat: The k.p + EFA has some complications.  

Such as:

� Dependence on operator orderings: particularly in 

the case of  heterostructures

For remedies, see:

B. A. Foreman, Phys. Rev. B 56, R12748 (1997).

B. A. Foreman, Phys. Rev. B 75, 235331 (2007).


