C. Bulutay Topics on Semiconductor Physics Lecture 4

In This Lecture:

» Four-band Kane's Model with Spin-orbit
interaction

» Eigenfunctions in Kane's Model
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Kane’s model :
Four-band k-p with Spin-Orbit Interaction

»Four bands: CB, HH, LH, SO

»Double degeneracy with their spin counterparts

CB

»Coupling to any other band is neglected

» These four bands are solved exactly using the
matrix formalism based on a convenient basis choice  __

Spin-orbit coupling (SOC) is a relativistic
effect that scales with the atomic number, Z.
Thus for se/c containing heavier elements,
such as Ge, Ga, As, In, and Sb, one expects
the SOC to be significant, and has to be
included particularly for states near k=0.
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The Schrodinger Equation for the cell-periodic fn.

L f
H=H, + =50 VV/'xp  The Hamiltonian near k,=0
m.DC
2 . - .
H, = p V() spin-orbit interaction
Zm,

Components of the Pauli spin matrix:

= 0 1 = 0 —i = 1 0
ﬂ:t#[t {]] }’#[j D:[ UE#[U _]] preserves
the spinors:
reverse the spinors eigenfn’s
operating on the spins I I
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Ref: Chuang
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From the original Schrédinger equation for the Bloch function,

2

p> h
{2_% s V{r) -+ WETV‘K [l] : U}ﬂ!"ﬂg{r) = En(k}{}t"nk{r)

The Schridinger equation for the cell periodic function u,,(r) is obtained:

h*

[ p* h h
{ + V(r) + —k-p+ s [V Xpl o+|—=sVFXk- o
dmye

2my " dmye
to be neglected
compared to this term

A “Hk(r} = f‘hrﬂﬂk(r)
A —

' N

E' = E K — h*k2/2m,

hk is the crystal momentum or the momentum of the envelope,
whereas p is the actual linear momentum of the e which is
much greater than 7k due to u . (7) part coming from the atomic

wavefunction where most of the SO interaction actually occurs.

h h
Hu(r) = | Hy+ —k p+ 5 VV X P 0 Juy(r) = Euy(r)
0 0

Ref: Chuang
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Nature of the Bands Near Bandedges

In semiconductors we are pimarily interested in the
valence band and conduction band. Moreover, for
most applications we are interested in what happens
near the top of the valence band and the bottom of
the conduction band. These states originate from the
atomic levels of the valence shell in the elements
making up the semiconductor.

IV Semiconductors
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A= Split-Off Energy

Ref: Singh
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Recall the s p,d-type Spherical Harmonics

/=10 (s orbit) 20T L (Z=Tm _-
Yol 9) = \/ i Em Iml;! (=) "2 ppi(cos 6) e
Y, ! |
0= and
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2w T _
[3 3z L:GL=O'Yzm(G,¢)|2 sinfdode = 1
YIU(G’CP):‘/ECOSB:VE;E 1Z)
_ /3 3 x+iy
Y, (0,¢)=Fy s—sinbe*?=7F
8 8w r
1
=+= [X+il

¢ =2 (d orbits)

/3 [5 {3z
Y(0,¢) = ﬁ(300329—1)= T (__1)

15 15 (x + 1y)z
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15 (x + i
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Ref: Chuang
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The Convenient Basis Choice and the
Corresponding Hamiltonian Matrix

We look for the eigenvalue E’ with corresponding eigenfunction
urlk(r) = Zan'“n'ﬂ(r)
nl‘

The band-edge functions u, ,(r) are

Conduction band: |S 1), |S | ) with corresponding eigenenergy E,

Valence band: [X 1), [Y 1), [Z1), (X1} Y1) |Z]) with
eigenenergy F

They deviate from a totally spherical function f(r) by:
similarly for

X(x,y,z)=-X(-x,y,z); odd fn of x but even wrt y & z

Ref: Chuang
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However, it is convenient to switch to the following linear combinations:

—_———

——

|u1>:‘iS\L>
u2>= X\/_EZY T>:‘Y11 T>
w)=|z 1) =1, 4}

X +1Y
)= 22 T>=‘YHT>}
u5>=iST> \
=)=, 4
) =12 T) =%, T)
)= X2 ¢>:\YH¢>

J2

The first four basis
fn’s are degenerate
with the last four

Ref: Chuang
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Using this basis, @pansion coefficientand the &genenergieare

determined from the the following 8X8Wian Matrix
/ urlk(r) = an'“n'ﬂ(r)

ﬁ ._* n'
| i) h
10 a) Hu,,(r) = (Hn + m_uk Pt 4m%ﬂ2VV Xp “)“nk(r) = E'u,(r)
'E, 0 kP 0 ]
A R
0 E, -3 v24/3 0
U=l vzass B, 0 | [ minekok,
| A Don’t worry, this will
o 0 0 E+ 3 ) be relaxed later on
[ p= —_im—'-(SI'pZIZ) Kane’s parameter
where | om0

i {Xlﬂp;, _ izp |.Y> SO split off energy
dy  *

A=-
dmic® " ox

Ref: Chuang
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Kane’s Hamiltonian (cont’d)
» Analysis of the matrix entries

X(x,y,z)=-X(-x,y,z); odd fn of x but even wrt y & z, efc.
(ladly = (Lloyl4) =0

________________________________________________________

h h :
Hu=<‘“Hﬂ+m—D"'“%5

fi .
= (SUIH|IS L) + —(S Mplsw ("~'*’V>< p), + o, (VV X p), +0,(VVXp),
0 .

h v v \ | | " -
<S_l| - (a—P pr]ml)i (SinISD=(SIPIS)=fS(r)ITVS(r)_dF=U

vanishes as this term changes sign when
x>y whereas the xtal is invariant under
this xformation

Recall

=ES

As an exercise, obtain the remaining matrix elements!

Ref: Chuang
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Solutions of Kane’s Hamiltonian

Define the reference energy so that: £, = —A/3,and E; =E,
E, 0 kP 0]
| 2& |
_ Lo ——= Y2a/3 0
H_= [ 3 . |\
I : —A
kP V2A/3 — 10
I_:__::__::__:__—_:_I [ —
0___0_____0___w

P Decoupled
E 0 from the rest

E(E' —E)E +A) —k’P(E' +3A) =0

Band edge k=0\)
E’=EH, EF'=0and EF'= —A

Ref: Chuang
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Solutions for small &

k’P*(E, +2A/3
LetEr=Eg+E(k2)Wheres‘ﬁ:&andEg—>Ez ( g /)
| E(E, +4)

2k*P?

3F
¢ CB

kZPZ
let ' = —A+e(k?)—— ¢ = —
3(E, +4) HH

Let E'=0+ e(k?) — > g = —

Since E' = E, (k) — #?k*/2m,

n'k*  k*P*(E, +2A/3)
_ _ LH
n=c E(k)=E, + 2y + E.(E. 1 A)
L2y SO
= hh E. (k) = — @@ ]
n | (k) 2me - —— HH band concave up
n=1Ih E,(k)= 2m,  3E. To bg f|x§d by the LK
Hamiltonian
. thZ k2P2
=s0  E (k)= —-A+ -
n=50 ol £) 2m, 3(E, + A)

Ref: Chuang
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Kane’s Model: Eigenvectors

The eigenvectors are obtained by substituting each eigenvalue into the

eigenequation

E, - E, 0 kP |[a, ]
-2 A
BERE R T | Rl
A A
] kP 2; —E—E”__Cn_

and then normalizing such that (a2 + b2 + ¢2)/2 = 1.
The results in the limit k% — 0 give

and from lower 4x4 matrix:

where, for upper 4x4 matri
i X - iy
X +1Y
Pin, a =‘ - ﬁl ] T> hh band Ppn, g = \T l> hh band
. X —iY X +iY
¢n,a=anI1Sl>+b,,TT>+c,,IZJ,> n=.c,lh,so b p=0asiST) +b,|— N J>+CHIZT) n = c,Ih,so

Ref: Chuang
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Summary of Kane’s model

Conduction band Light hole
2.2 2p2 252 h2k? 2k*p? nk?
E(k)=E+hk KPP (BE +24) ( k2 E, (k) = _ (E_ i
¢ £ 2my 3 Eg(Eg + A) £ 2m? 2m,, 3E 2mp,

G o =18 LD . ‘ 5 s
L (bih’a:TI(X_IY)T>+\/t|Z\L>E‘_,_E>

1

2

(fb.;‘g:lis T)
3
Din. g = ‘/—l(X"'lY)l)*' |ZT>—IE

g

Valence band

Heavy hole
2k2
E, (k) = (shou]d be — )
n:“ 2 Spin-orbit split-off band
¢hh,a_T|(X+1Y)T>“"2“ > B2k2 k2p2 h2k2
3 E(k)=—-A+ — 37 =-a-
buns = lX-¥)1) = ’ =—":5> (0 2my  3(E, + A) 2’”’3‘0]
1 v 1 Z 1) = 1 —-1>
E, d)so,a—ﬁKX"l )T)—ﬁ =177
\/ 1 . 1 11
B 1SU>, liSl> Pro.p = —ﬁl(XJr Yy + _\/3=|ZT> 22

with corrected HH

curvature ( T - N
AN
Eyp Ey 27
-f-\f‘\“ R
2 2”7
Ref: Chuang
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The Journey of the Eigenfunctions

For the unperturbed H, eigenfn’s at the band edge we anticipated them to be of sand p

type orbital symmetry: \S,T>,\S,¢>,\X,T>,\X,¢>,\Y,T},\Y,i},\Z,T>,\Z,¢>

/ Kane's band edge eigenfn’s

u)=is 1) _ Al —
u2>: X\/;Y T>:‘Yll T> u(r) = % %)z 7 (X +iY)1)
s) = Z¢>:‘Yloi> Perturbation:  ux(r) = % %>= (X +iY)l) + [IZ T
u4>:_X+iY T>:‘YHT> SO+k.P s
IS (i SRR S B A CRL RS

us)=lis T) R A WL
2|2l 0= [y ) e

2 11 _ 1
M7>=ZT>:‘YIOT> u50(r)= E §>=-‘/:—|X+1Y)\L>+ﬁ|Z‘T>

: - 1 1
w) == ¢>:\YH L) an(r) = ;_—71>= Flx =i - =1z1)
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Refreshment on Addition of Angular Momenta

Spin-orbit coupling: Nonzero angular momentum state €’s (i.e., other than s-
type wf’s) generate a magnetic field through which they interact with the spin
of the e. Particulary important for the VB (p-like states).

Because of this coupling neither spin nor orbital angular momentum but the
total angular momentum becomes a good quantum number.

Consider two angular momentum operators which commute with each
other (J;, J,), we wish to determine the eigenstates of the total angular
momentum operator J= J,+dJ,
orbital  spin
— N A A~ -~

‘]vm> — Z:amn2 ]l’ml;-]Z’m2>

/

Clebsch-Gordan There are (2J,+1) and

coefficients (2J,+1) states
corresponding to J, and J,




C. Bulutay

Topics on Semiconductor Physics

Lecture 4

Refreshment on total Angular Momentum (cont’d)

A schematic
representation of ¢

the angular
momentum states

J=L+S
j=/+3=3/2, mj=3/2,...,'3/2
j=ls=1/2 m=1/2,-1/2

Clebsch-Gordan coefficients <

for J;=1 and J,=1/2

Be ware, different
phase choices exist
as in LK

(\.TI :—-

=1 | ofw

S = =

<

i
Linhs S EXY B BEY

' 1
— —_—

Ref: Singh
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Extraction of Kane’s parameter from
experimental data
2p2 2 |

E(k) —E, = + -
AR =B = o E,(E, + A) 2m*

b2 _ (1 - m*) h’E(E, + A)

2m*(E, + 2A/3)

ni,

So, by feeding three parameters from experiment, Kane’s
parameter can be extracted. This parameter, P plays a key role in
any optical property regarding the over-the-band gap excitations

Ref: Chuang
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General k direction

Up to now, we have assumed: k = kZ

For a general case:

The following transformations can be used to find the basis

Lecture 4

K=ksinfcosegxt + ksinfsinep + kcos 02

functions in the general coordinate system:

Tr
l.F
X:

Y!‘
ZF'

e_i‘#"fz COSs —

7/

2
v

—e 1/ 2gin— el?/?

—

Cos 8 cos ¢
—sin ¢

sin @ cos ¢

COS—
2

cos @ sin ¢
cos ¢

sin 6 sin ¢

&

ei®/2gin—

2
7

2

l

—sin 8
0
cos 6

N ~ >

Ref: Chuang
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k-p and Similar Band Edge Techniques

Brief Highlights
»Single- and two-band k-p
Coupling to other bands accounted perturbatively
Predicts an analytical effective mass tensor (heavier/lighter than m)
»Kane’s Hamiltonian
8 bands (CB+3 VB with spin) treated exactly
Coupling with the other bands neglected
HH band comes out with wrong sign and value (due above approximation)
No warping predicted (i.e., isotropic) for finite k
»Luttinger-Kohn Hamiltonian (for degenerate bands with spin-orbit)
6 VBs treated exactly; can be extended to include CBs as well
Other bands are included via Lowdin’s technique
Warping of the VBs is predicted
»Pikus-Bir Hamiltonian
Just like LK Hamiltonian, but includes the effects of strain in the xtal



