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Part-I: Atoms
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43. Clebsch-Gordan coefficients 1
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AND d FUNCTIONS
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Note:” A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —/8/15.

v :1/%COSG

43. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

=

. Jod
Notation: M M
my My
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-1 0/8/15-1/6-3/10f 3 2 -3/2 0| 2/5 -3/5|-5/2
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[ 1+ cosé
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-1 +3/2| 4/35-27/70 2/5-1/10) 172 -172-172 ~172| | Z3ys:172| 17a-172 3710) -3 -3
+1 -3/2 | 4/3527/70 2/5° 110
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+1 41 -1 +1/2112/35-5/14 .0 3/10| 7/2  5/2 3/2
1/14 3710 3/7 1/5 -2 +3/2|'1/35-6/35 :2/5 -2/5}-3/2 -3/2-3/2 [-3/2—3/2 1
g/? 1??‘1511’3518 2 1 0 0372\ 218085 115
=1/5= 1 172 4/7 =1/35-=2/5] 772 572
1/14-3/10 ~3/7 ~1/5 6 o0 ¢ _2 .1/2] 1/7-16/35 2/5| —5/2 —5/2
+§- —12 ;ZS 710 3/7 3/5 175 -1-372 437 772
1 — 1/14-1/10 ~1/5 2 a7l
0 01835 0-2/7.  0.1/5 2-1/2 37 47T
-1 +1 |-8/35°22/5 1/14:.1/10=1/5] 4 3 2 1 —2-3/2| 1
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2 -2 +1/1/14-3/10 ~3/7 -/8| -2 -2 -2
14 cosd 0 -2|3/14 172 2/7
in 6 -1 -1L4/7. -0-3/7] 4 3
e 2 L+ cosd -2 03714172 277} -3 -3
6 . 2 -T2 - -1 -2|1/2:1/2) 4
== sin®0 i1 (2cost ~1) -2_-1|1/2-1/2}-4
3 -2 -2 1
1 - cosf ng d%0=—\/isin9cos9 l
2 : 2
1 —cosfy2 1 —cosf 3
( ;OS ) %,—1 = 22 o08¢ (2cosf +1) d%,o = (5 cos?§ — 5)

Figure 43.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).
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Raman Spectra *

1 Introduction

When a monochromatic electromagnetic wave is incident on a surface, we get the well-known
reflected, and refracted beams as governed by Snell’s law. Even though this picture is quanti-
tatively quite accurate, qualitatively it misses some important phenomena. Real materials also
contain static and dynamic scatterers. The former cause an elastic scattering (i.e., at the same
wavelength as the incoming wave) in all directions, which is about 1/10,000 of the incident in-
tensity, and is known as Rayleigh scattering. Moreover, about 1/1000 of the scattered wave gets
inelastically scattered (i.e., at a shifted wavelength with respect to incident wave) that arises
from dynamic processes which is known as the Raman scattering. This Raman signal, though
usually a tiny fraction (~ 1/107) of the incident intensity, plays a vital role in identifying the
atomic constituents of the sample through their vibrational and rotational fingerprints.

Hence, both Raman and IR spectroscopy are tools primarily for vibrational properties of
molecules, surfaces and solids (crystalline or amorphous). They usually act as complementary
techniques, as some vibrational modes are only IR-active, and some are only Raman-active.
There are also cases where a particular mode can be active or silent for either one. Among
the other differences between the two techniques, Raman has a simpler spectrum than IR as
often only the fundamental (lowest-order) processes are visible. Furthermore, in the Raman a
monochromatic (usually a laser) source is used, whereas IR utilizes broadband sources.

2 A classical consideration for the Raman process

First, we shall see that some essential features of the Raman scattering can be captured by a
basic classical treatment [1, 2, 3].

2.1 An isolated molecule

We start with a single molecule that may in general have a permanent dipole moment ci: and an
induced dipole moment through a polarizability tensor o;;, where 7, j are the Cartesian indices,
so that under an incident monochromatic electromagnetic field E = Ej cos(wt), the resultant
dipole moment becomes

p; = di + ai; B

with the convention that repeated Cartesian indices are implicitly summed over. Note that
both d and @ are functions of the coordinates of the nuclei and electrons. We shall assume
that electronic cloud can instantly respond to any change in the nuclear vibrations. Therefore,
essentially these quantities are controlled by the nuclear displacements, for which we shall use
their so-called normal coordinates as denoted by Qk, where k labels any one of the vibrational
degrees of freedom. Note that for an N-atom molecule, these are in total 3N — 6. If we further
assume that the incident light is off-resonant with both electronic and vibrational transitions,

*This is based on a section I prepared as an infinitesimal contribution to Prof. Mehmet Erbudak’s lectures on
Physics and Chemistry at Surfaces.
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then such small-amplitude oscillations for the nuclear normal modes can be governed by the first
two terms of the Taylor expansion around equilibrium coordinates @ = 0 yielding

3N—6 4

d; ~ )+ Qri, 1
> 862]0 o (1)
3N—6 8041 .

aij = ay(0)+ Y = Q. (2)
= OQk 0

Each normal mode of vibration k& will be oscillating at its eigenfrequency wy, therefore we can
write Qg(t) = Qo cos(wyt). With this form the dipole moment of the molecule becomes

3Nbad

pi Z 3ij

IR spectrum

Qroj cos(wit) + a;(0) Ep; cos(wt)
0 Rayleigh scat.

3N—6
+ZEy; %
k=1 8Qk

Qo { cos(w + wi)t] + cos[(w — wi)t] ¢ . (3)
anti-Stokes Stokes

2

0

According to this expression, there is a component at the same frequency as the incident field,
called the Rayleigh scattering; additionally we have a red- and blue-shifted frequency parts which
constitute the Raman scattering, where the former (latter) is called the Stokes! (anti-Stokes)
scattered light. This derivation suggests us that Raman scattering can be seen as a frequency
mixing process just like the amplitude modulation concept used in electronic communication:
incident field, acting as the carrier signal is modulated by the nuclear vibrations, here playing
the role of the information signal. Fig. 1 illustrates the basic spectrum and the transitions
corresponding to Stokes and anti-Stokes lines.

T Stokes Rayleigh Ej Anti-
radlatlon (VI"F7777 7" Stokes
radiation
hayg
- E ho,
AE__. Eq
Stokes Anti-
‘ Stokes
Vo v

Figure 1: The spectrum showing Rayleigh and Raman signals, together with the associated
transition schemes. Ref. [1].

2.2 Selection rules

As a result of the symmetries of the medium and of the vibrational modes involved in the
scattering, some requirements are imposed. These are generally termed as selection rules, which
determine whether a specific perturbation V' yields a non-zero transition from an initial state

!This terminology historically originates from a somewhat similar observation by Stokes on fluorescence where
the frequency of the fluorescent radiation is always less than that of the incident [3].
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|v) to a final state |v) as quantified by the matrix element (v'|V|v). The study of such selection
rules falls in the realm of so-called Group theory, from which we shall state a few useful remarks
without any derivation [4]. For the IR and Raman spectroscopy, if we refer to Eq. (3), the
operators that govern these transitions are the dipole moment d; and polarizability a;; operators,
respectively. The former has components which transform as x, y and z, whereas the latter
transforms as the binary products of z2, y?, 22, zy, xz, yz, or equally their linear combinations
such as 72 — y2. According to Group theory, if the direct product I'[v] x I'[d] x T'[v] contains
the totally symmetric irreducible representation of the point group, the transition v — v’ is IR
active. Likewise, if the direct product I'[v] x T'[e] x T'[v] contains the totally symmetric irreducible
representation of the point group, the transition v — v’ becomes Raman active.

2.3 An example: CO, molecule

In some cases, IR and Raman activity of certain vibrational modes can be extracted simply by
observation, without the use of rigorous Group theory machinery. One such example is a linear
symmetric molecule ABA, such as the CO5 molecule. It has four modes of vibration: a symmetric
stretching mode )1, an antisymmetric stretching mode @2, and two bending modes (3, and
(3, which form a degenerate pair and have the same frequency of vibration. Three of these
vibrations are shown in Fig. 2. We observe that symmetric stretching mode (on the left panel)
has non-zero polarizability derivative at the equilibrium position (da/0Q # 0) therefore this
vibration will give rise to an induced polarizability contribution under an incident field, hence
it is Raman-active. However, as the A-B and B-A dipoles are of equal strength but pointing
in opposite directions, this mode of vibration produces no net dipole moment derivative at the
center (9d/0Q # 0), therefore it will be IR-silent. The situation is just the opposite for the
center and right panels, as they are both IR-active but Raman-inactive.

V4 Vo V3
~O0—(O0——C0O— (2—(%—(; “O—0O»—=0O

o]
Qv
Qy

Qy
el
el

Jo dor

do J0. B
aq aq -

0 —_—
aq

0

Figure 2: Polarizability and dipole moment variations in the neighbourhood of the equilibrium
position for a linear ABA molecule. Ref. [1].

2.4 Extended systems

Next, we move from a single N-atom molecule to an extended system (such as a solid) hav-
ing m molecules per unit volume. The relation between the molecular quantities d, «;j, and
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those of the extended system, the permanent x; and induced y;; electric susceptibilities are
Xi = nd;/eo, and x;j = na;jep, where € is the free-space permittivity. Similarly the polar-
ization field of the medium is related to molecular dipole moment via P = np. Hence, for
an incoming electromagnetic wave, this time including its wave vector dependence k as well,
E(7,t) = Egcos(k - ¥ — wt), and expanding into Taylor series under nuclear vibrations with a
form Qp(7,t) = Qro(q,wy) cos(q - 7 — wyt) yields the following terms, where we only show the
Raman contributions

1 oxij| = . T -
P = o 2| Grol@.wr) § cos[(F + @) - 7 — (w+wi)]
anti-Stokes
+eos|(k—q) 7 — (w—wp)t] ¢ - )

Stokes

For an isolated molecule the Raman scattering occurs in all directions with no angular preference.
However, in an extended system we see that the Stokes shifted wave has ES =k— ¢ while the
anti-Stokes is EAS =k+ d. This means that in this case, the observation direction for the
scattered wave inherently selects the participating phonon mode through the above momentum
conservation relations. Furthermore, note that for the visible light which is commonly used in
Raman spectroscopy, its spectroscopic wavenumber is of the order of 10° cm™! which makes
up only a tiny proportion with respect to the extend of a typical Brillouin zone ~ 107 cm™!.
Therefore, in the case of crystals, because of the above momentum conservation requirement
only the zone center phonons ¢ — 0 participate in a Raman process.

As the nuclear vibrations attain larger amplitudes one may have to retain higher order terms
in the Taylor series expansion. These bring cross terms which will give rise to Raman shifts as
+w, +w,, for the second-order. When these modes are identical, the resultant two-phonon peak
is called an overtone.

2.5 Raman tensor

The intensity for the Raman scattered wave polarized along the unit vector direction é5 in

response to an incident polarization along é; is proportional to

2

OXij
k

Ig o |és - Qrolg = 0,wyp) - & (5)

0

Therefore the scattering is governed by a third-rank tensor dx;;/ 8Qk, where 4, j run over Carte-
sian directions and k labels any of the optical phonon modes at the zone center. By introducing
a unit vector along every available normal mode phonon displacements Q = Q/ |Q|, we can
essentially introduce a second-rank (with the same components as x;;) for each specific phonon

polarization, called the Raman tensor as? 7%: (9x/0Q)oQ(wy) , so that Ig becomes
4

w 2
Is(ws) o 675

~ pug ~
€s- R €

Note that, we explicitly show the k* = w? / ¢* wavelength dependence which is ubiquitous in any
form of sub-wavelength scattering like the Rayleigh scattering as popularized by the explanation
of the blueness of the sky. If we neglect the small frequency difference between the incident and
scattered waves, the Raman tensor can be accepted as symmetric with respect to its Cartesian
indices, just like the electric susceptibility x;;.

2Here, we supress the phonon polarization subscript on the Raman tensor.
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3 Quantum mechanical features of the Raman process

Next, we discuss features which necessitate a quantum mechanical treatment [2]. First, we
notice from Eq. (5) that the scattered intensity is proportional to the vibration amplitude C}
squared. Hence, according to the classical treatment there would be no Stokes scattering if no
atomic vibration is present. However, once we quantize the vibrational modes into phonons, in
Stokes scattering where a phonon is excited in the medium by the incident radiation, the intensity
becomes proportional to N, +1, while the anti-Stokes will be proportional to IV,. Here, N, is the
phonon occupancy, which is given in the case of equilibrium by the Bose-Einstein distribution.
For low temperatures N, < 1, therefore the ‘+1’" contribution in Stokes scattering intensity
dominates. As one can recall, it arises from zero-point oscillations, a hallmark of quantum
mechanics, and gives rise to spontaneous phonon emission even at zero temperature having
N, — 0.
Based on these facts, we can write the intensity ratio, anti-Stokes over the Stokes as

<w+wk>4 N,
w—wp) Ng+1°

where the first term is again from the k* dependence for each frequency, while the second term
contains the temperature dependence which simplifies to e wa/ksT A fringe benefit of this is
that the intensity ratio of the two lines can be used to extract the lattice temperature. In the
light of this discussion, Stokes lines will be more intense as they originate from the v = 0 zero-
phonon level, whereas anti-Stokes lines originate from the v = 1 one-phonon level with much
less population.

Another important feature is that the Raman lines have non-zero widths which further in-
crease with temperature. Primarily it is due to the fact that the optical phonons taking part in
the Raman process themselves are not of infinite lifetime because of the inherent anharmonicity
of lattice vibrations causing phonon-phonon interactions. Therefore, they decay into two longi-
tudinal acoustic phonons with large and opposite momenta. This finite phonon lifetime broadens
the Raman resonances into a Lorentzian or a Gaussian line shape. The thermal variation of the
width of the Raman line is given by [5]

2
[(wg, T') = I'(wg, 0) (1 + W) . (6)

A further important deficiency of the classical picture is that it does not reflect the micro-
scopic mechanism of how Raman scattering actually takes place. As a matter of fact, the direct
excitation of phonons via photons is extremely weak. Therefore, this scattering proceeds quite
differently in at least three steps.

1. An incident photon with an energy hw; interacts with the charges within the sample
through H,qq—x, exciting the medium into an intermediate state |n) by creating a so-
called ezciton which is the bound state of an electron and hole pair.

2. This exciton being composed of an electron and a hole interacts strongly with the envi-
ronment (lattice) via the electron-phonon (or hole-phonon) interaction (He—;on) and gets
scattered into another state by emitting a phonon (considering the Stokes case) of energy
hwg. This intermediate excitonic state will be denoted as |n').

3. The exciton in state |n’) spontaneously recombines radiatively via H,qq—x with the emis-
sion of a so-called scattered photon of energy hwg.
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So, this reveals that the electrons mediate the Raman scattering of phonons although they
remain unchanged after the process. Since the transitions involving the electrons are virtual they
do not have to conserve energy, although they still have to conserve (crystal) momentum. The
corresponding Feynman diagram describing this process is shown in Fig. 3. Note that there are
higher-order virtual processes other than the one above which also contribute Raman scattering.
However, if we limit ourselves to only this lowest-order mechanism, then the Raman scattering
rate can be calculated using Fermi’s Golden Rule as

2
27 (1| Hrad—x (ws)|n) (0 He—ion(wr) 1) (0| Hrad—x (wi)|i)
W) = |2 i — (= B s — e — (B — )
x 0 (hw; — hwy, — hwg) . (7)

Figure 3: The Feynman diagram corresponding to the basic Raman process. The left and
right wiggly lines represent incident and scattered photon propagators, solid and dashed lines
correspond to electron and hole propagators, and the spiral line is that of the phonon.

4 Variants of the Raman process

The basic Raman process discussed above in practice comes with quite a few variations, with
each one having a different utility and/or novelty. Some of these are very briefly mentioned
below [3, 1, 2].

e Brillouin Scattering — Inelastic scattering of light by acoustic waves was first proposed
by Brillouin. As a result, this kind of light scattering spectroscopy is known as Brillouin
scattering. There is very little difference between Raman scattering and Brillouin scatter-
ing. In solids the main difference between them arises from the difference in dispersion
between optical and acoustic phonons.

e Hyper-Raman — The intensity of Raman scattering is directly proportional to the ir-
radiance of the incident radiation and so such scattering can be described as a linear
process. When the intensity of the incident light wave becomes sufficiently large, the in-
duced oscillation of the electron cloud surpasses the linear regime. This implies that the
induced dipole moment p of the molecules are no longer proportional to the electric field
E, but the E? and E? terms in the Taylor expansion of p(FE) need to be retained giving
rise to hyper-polarizability and second-hyper-polarizabilities, respectively. Such nonlinear
optical effects are named as hyper-Raman processes having quite different selection rules
compared to linear one. The overtones of the main Raman signal as mentioned previously,
are nothing but the manifestations of the hyper-Raman processes.
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e Electronic Raman — If the frequency difference w; — wj, corresponds to an electronic
transition of the system, we speak of electronic Raman scattering, which gives comple-
mentary information to electronic-absorption spectroscopy. This is because the initial and
final states must have the same parity, and therefore a direct dipole-allowed electronic
transition |i) — |f) is not possible.

e Resonant Raman — The enhancement of the Raman cross section near an electronic
resonance is also known as resonant Raman scattering. Obviously, resonant Brillouin
scattering is defined similarly. The enhancement in the Raman cross section at resonance
is only two orders of magnitude relative to the nonresonant background. On the other
hand, both free excitons and bound excitons have been shown to enhance the Raman cross
section by several orders of magnitude because of their small damping constants (with a
typical width of 3 meV) at low temperatures. Such strong resonance effects have made
possible the observation of new phenomena, such as wavevector-dependent electron-LO
phonon interaction, electric-dipole forbidden transitions, higher-order Raman scattering
involving more than three phonons, and the determination of exciton dispersions.

e Fourier-transform Raman — The combination of Raman spectroscopy with Fourier-
transform spectroscopy allows the simultaneous detection of larger spectral ranges in the
Raman spectra.

e Surface-Enhanced Raman Scattering — Raman scattering cross-section is typically
14-15 orders of magnitude smaller over that of the fluorescence of efficient dye molecules.
The intensity of Raman scattered light may be enhanced by several orders of magnitude
if the molecules are adsorbed on a surface. A number of mechanisms contribute to this
enhancement. Since the amplitude of the scattered radiation is proportional to the induced
dipole moment, p; = «;;F;, the increase of the polarizability o by the interaction of the
molecule with the surface is one of the causes for the enhancement. In the case of metal
surfaces due to the presence of plasmonic effects, the electric field E at the surface may
also be much larger than that of the incident radiation, which also leads to an increase
of the induced dipole moment. Both effects depend on the orientation of the molecule
relative to the surface normal, on its distance from the surface, and on the morphology, in
particular the roughness of the surface. Small metal clusters on the surface increase the
intensity of the molecular Raman lines. The frequency of the exciting light also has a large
influence on the enhancement factor. In the case of metal surfaces it becomes maximum
if it is close to the plasma frequency of the metal. Giant enhancement factors as high
as 10 have been reported on single-molecule studies [6]. Because of these dependencies,
surface-enhanced Raman spectroscopy has been successfully applied for surface analysis
and also for tracing small concentrations of adsorbed molecules.

e Coherent anti-Stokes Raman Scattering — Ordinary Raman scattering is an incoher-
ent spontaneous process and as a result the intensity of scattering from a material system
of N non-interacting molecules is simply N times that from one molecule. There are also
non-spontaneous Raman processes, the three important ones are the stimulated Stokes Ra-
man scattering, stimulated anti-Stokes Raman scattering and coherent anti-Stokes Raman
scattering (CARS). The most popular is the last one where two incident laser beams are
used with an energy difference deliberately chosen to match a Raman-active vibrational
mode of the sample. This produces highly directional beams of scattered radiation with
small divergences. In particular, the intensity of the anti-Stokes signal is by far larger
than in spontaneous Raman spectroscopy. The scattered intensity is proportional (a) to
the square of the number of scattering molecules and (b) to the square of the irradiance
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of the incident radiations. With pulsed lasers time-dependent processes in molecules and
their influence on the change of level populations can be studied by CARS; two examples
being photosynthesis and the visual processes in our eyes.
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